Mathematical 


THEMATICS 


Reviews 


Vol. 2, No. 5 


May, 1941 pp. 145-176 


TABLE OF CONTENTS 


Hydrodynamics, aerodynamics .... . 168 
Theory of elasticity . . 172 


35 
38 
27 
35 | 
43 
29 
21 
30 
26 
40 
37 
25 
34 
14 
26 
41 
35 
18 
22 
14 
15 
35 
32 
31 
17 
25 
34 
17 
25 
34 
22 
20 
23 
14 
41 
44 
21 Number th 
24 
Differential geometry . . 
wt 


THE REPRINT SERVICE 
always preceded by the abbreviation “MF”, A subscriber Z| 


The subscribers to MATHEMATICAL Reviews-can obtain, 


cither on microSlm or as photoprint, the complete text of any 
article of which an abstract is printed; except books,.or ma- 
terial of which the reproduction is prohibited by copyright 
law. The microfilm requires some sort of reading machme 
or projector in which standard 35 mm. double perforated film 
can be viewed: Only positive prints are furnished; that is, 


the projected image appeats as black words on a white back- 


gre 1. Photoprints, on the other hand, are on ‘sheets 10” 
by 14”, and are similar to photostats. They canbe tead dit- 
rectly without the aid of any reading device, . They also are 
furnished as positives, that is, black words on a white back- 
ground. 


Articies not avstracted. in the MaruematicaL~ Reviews 
pied. at the rates mentioned’ below provided. the 


will be 

material is available in the library of Brown University:. All 
microfilm copies of ‘articles other than those with MF num- 
bers will be supplied as negatives: 


Cost 


The cost of microfilm is 2¢ per exposure, each exposure 
(except in the case of a very few unusually large journals) 
contaming two pages of text. 


*hotoptints cost. 16¢ per sheet, each sheet. (except in the 
case of unusually large journals) conmining two. pages. of 
test. 

The minimum charge for any one order (buat not for any 
one itern when several items are ordered simulianeously ) is 50¢. 


How to Order 


The process of ordering either microfilm or photoprint 


may be made clear by considering an example. Each abstract 
bears a serial number easily recognized by the fact that it is 


who wishes the text of item 18 would first note that the 
original article occupied pages 590 to 608. It therefore 
covers 19 pages, and will reqiiire ten exposures of micto. 
film, or ten sheets of photoprint. for its reproduction. 


Hence the microfilm charge for this-particular item would be 


20¢, andthe photoprint charge $160, The charges so com. 


puted apply on any order totaling 50¢ or more; if the total is” 


less.than 50¢, the charge for the entire order will be 50¢. 


In ordering : 
1, Give your name. and address. 


Z.. State the. serial number. of -the article or articles 


you wish. 
3. Say whether you wish microfilm or photoprint. 
4. Enclose cash for the amount of the order, either in 


currency, stamps, or» by check. 
5. Mail to MATHEMATICAL Reviews, Brown Univer- | 
sity, Providence, Rhode Istaud. 


In the case of large journals, only one page of which can, 
be. accommodated on a microfilm exposure or a photoprint 
sheet, you will be notified of the extra charge before the order 
is filled, unless you have indicated on your order that the re 
print is desired'even at the higher ‘price. 


Why Cash Must Accompany Order a 


Individual orders for either microfilm or photoprint are 
so small that if credit books were kept and bills rendered, the. 
extra. Clerical expenses would, be ‘a large proportion of the 
total. By requiring payment in advance, these charges have | 
been eliminated, and the price to the customer correspondingly. 
reduced. - However, libraries and institutions which. make « 
extensive use of the service may be granted the privilege of 
payment at stated intervals. 


ONE-SIDE EDITION OF MATHEMATICAL REVIEWS : 


In order to supply persons interested. im making-card files 
for subject indices of their own fields, or to add bibliographi- 
cal remarks to the Reviews in the future, there will be avail- 
able an edition of MatHematicar Reviews printed on .only 
one side of the paper. This special edition may be obtained 
for an additional payment of $1.00 (that 1s, ‘$14.00 for,sub- 
scriptions, and $7.50 for members of sponsoring orgamiza- 


tions). This edition will be folded but not stitched. Sob 
scriptions for this edition should’ be entered as soon as poy | 
sible only a limited number canbe printed. For the 
first four issues, Only the two-side edition is available. A 
current regular subscription can be changed to the onie-side. 
subsctiption by informing MatHematicat Reviews and 
paying $1.00. 


MATHEMATICAL REVIEWS . 


i Published monthly. by 
Tue Prince and Lemon Streets, Lancaster, Pennsylvania 
Sponsored by 


Tre American MATsesaticaL Society 
Tue MatHematicaL Association or AMERICA 
Acapemta NactoNat pe Crenctas ‘Exactras, Fisicas y Naruraces be Lima 


Her Wisxunpiec GENooTSCHAP Te AMSTERDAM 
Tue Lonpon Marsematicat Society 


Editoria! Office f 
Mathematical Reviews, Brown University, Providence, R. I. 
Subscriptions; Price $13 per year ($6.50 per year to members of sponsoring societies). 


Checks should be made payable to. MATHEMATICAL ‘REVIEws, 


Subscriptions shouldbe 


addressed to MaruematicaL Reviews, Lancastér, Pernsylvania, or Brown University, 
Providence, Rhode ‘Island. 


This publication was made possible in part by funds granted by the Carnegie Corporation of New. York, 
the Rockefeller Fotmdation, and the American Philosophical Society held at Philadelphia for Promoting 


Useful Knowledge. 


These organizations are not, however, the authors, owners, publishers, or proprie- 


tors of this publication, and are not to be understood as’ approving by virtue of their grants any of the 
staternents made or views expressed therein, 


Entered as second-class matter February 3, 1940 at the post office at Lancaster, Pennsylvania, under the act of March 3,. 1879. 


Accepted 


for mailing at special rate of postage provided for in the Act of February 28, 1925, eml-odied in paragraph 4, section 538, P. L. and R. authorise 


November 9, 1940, 


| 
li 
tl 
o! 
Cc 
ti 
in 
G 
: al 
si 
o1 
T 
(1 
m 
19 
4 ro 
ex 
ap 
on 
an 
sol 
by 
fre 
of 


Mathematical Reviews 


Vol. 2, No. 5 


MAY, 1941 


Pages 145-176 


NUMBER THEORY 


*Gupta, Hansraj. Symmetric functions in the theory of 
integral numbers. Lucknow University Studies, no. 14. 
Allahabad Law Journal Press, Allahabad, India, 1940. 
vii+105 pp. 

The main topic of this book is the function G(m, r) which 
denotes the sum of the products taken r at a time of the 
numbers 1, 2, 3, ---,. The first two chapters give as pre- 
liminary material a score of elementary and fundamental 
theorems in the theory of numbers together with a number 
of exercises suitable for a beginner in number theory. 
Chapter III is devoted to the algebraic theory of the func- 
tion G(n, r) ; many expressions for this function are obtained 
in terms of factorials, Bernoulli numbers, differences of 0, 
etc. The final chapter deals with congruence properties of 
G(n,r) and also symmetric functions of what are called 
“self-contained balanced” sets. A set of integers a; is called 
self-contained modulo m if the numbers éa;, taken modulo m, 
also belong to the set, where ¢ is any number prime to m. 
The set is a balanced m set in case m—a,; belongs to the set. 
Such sets are sufficiently like the integers 1, 2, 3, --- so that 
symmetric functions of them have congruence properties 
similar to those of G(m,r). From these properties the the- 
orems of Lagrange, Wilson, Fermat, Gauss, Wolstenholme, 
Leudesdorf, von Staudt and Bauer follow as special cases. 
There is a short bibliography at the end. 

D. H. Lehmer (Berkeley, Calif.). 


*Robinson, Raphael M. Stencils for solving x? =a (mod m). 
University of California Press, Berkeley, Calif., 1940. 
14 pp.+274 stencils. $2.00. 

This set of stencils is a mechanical method of applying 
Gauss’s ‘“‘method of exclusion” to the quadratic congruence 
(1) x*=a (mod m). As usual one excludes values of y in the 
equivalent equation (2) x*=a+my by use of various small 
moduli E which are in this case E=5, 7, 9, 11, 13, 16, 17, 
19, 23. The stencils are actually Hollerith cards with 10 
rows and 75 available columns. Each stencil (determined by 
E, a and m) is punched to show the values of y<750 not 
excluded by E. By selecting and superposing the 9 stencils 
appropriate to a given congruence (1) and corresponding 
to the 9 excluding numbers E given above, one obtains at 
once the very few values of y<750 which have a chance 
of satisfying (2) for some x. Actually trying these y’s in (2) 
and solving for x, when possible, one obtains the desired 
solutions of (1). The method gives all solutions x<m/2 in 
case m<3000. For larger values of m one may use the 
stencils several times, in fact m times in case m <750(n+1)?, 
by trying to solve the m congruences 


2?=k*a (mod m), k=1, 2,3, ---,n, 


from which x=2z/k (mod m) is a solution of (1). Pages 6, 7 
of the accompanying booklet contain 9 short tables enabling 
one easily to select the 9 stencils appropriate to a given 
quadratic congruence. D.H. Lehmer (Berkeley, Calif.). 


Rigge, Olov. Ona diophantine problem. Ark. Mat. Astr. 
Fys. 27A, no. 3, 10 pp. (1940). [MF 3494] 
The main result of this paper is as follows. If g is a prime 
and ¢ an integer which is only divisible by primes not 


greater than n/2, then the diophantine equation 
c(x+1)(x+2) --- (x+n)=y* 

is, for g=5, m=50q*, solvable in integers x,y only when 
y=0. Essentially this says that, if g=5 is a prime and x 
and m are integers for which x=250q', then there is at 
least one number in the set x+1, x+2, ---, x-+-n which is 
divisible by a prime =n to a power whose exponent is not 
divisible by g. The proof of this theorem is extremely 
involved and rests on a result of Thue concerning equations 
of the form ax*—by’ =f. The author confines himself to the 
case g=17, where the proof is actually given, while the 
result for g=5, 7, 11, 13 is merely stated. The paper is 
closely connected with one previously published by Erdés 
[J. London Math. Soc. 14, 245-249 (1939); cf. these Rev. 
1, 39]. I. A. Barnett (Cincinnati, Ohio). 


Aucoin, A. A. Diophantine equations of degree n. Bull. 
Amer. Math. Soc. 46, 334-339 (1940). [MF 1844] 
This is a generalization of a paper by the author and 

W. V. Parker on “Cubic Diophantine Equations” in the 
Nat. Math. Mag. 13, 115-117 (1938). The present paper 
has to do with the integral solutions of the equation 
f(x1, +++, =g(y1, Ye) when f and g are homogeneous 
polynomials with integral coefficients of degrees m and m, 
and such that there exist a set of integers ai, ---, a, not all 
zero for which the partial derivatives of f of all orders less 
than m—1 vanish when x;=a;. The discussion is incomplete 
since the condition (2) on page 334 is frequently not satisfied 
and the case }-3_,a,0f/dx;=0 has not been considered. in 
the corollary on page 338 the phrase “‘is given by” should 
be changed to “an equivalent solution may be obtained 
from.” I. A. Barnett (Cincinnati, Ohio). 


Vijayaraghavan, T. The general rational solution of 
some Diophantine equations of the form }-*tiA.x,""=0. 
Proc. Indian Acad. Sci., Sect. A. 12, 284-289 (1940). 
[MF 3254] 

Let i range over 1, ---, k; r, s over 1, «++, +1. The gen- 
eral solution in rational nonzero x, of >A,‘ =x}, where 
M41 is prime to «++ m, (0), isgiven by 
where the X; are arbitrary nonzero /;th powers of ra- 
tional numbers, and Xi41= A:X;. Here ap=(m, «++, mx), 
aoa; = (m1, ***, Mi+1, +, Mx), +1 = ote, = er, 
m,=n,/l,, N=m,-++ m1, N, are integers such that 
N,=—1 (mod m,), N,=0 (mod a,N/m,); 1+ >N,=aN, 
b and ¢ satisfy ba;+ca,=1—a; M,=N,i+ba,N, 
+ca,N, M;=N; (j=3, oes, k+1). Tchacaloff and 
Karanicoloff [C. R. Acad. Sci. Paris 210, 281-283 (1940) ; 
these Rev. 1, 200] treated the case k=2 with m, coprime 
in pairs. G. Pall (Princeton, N. J.). 
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Hua, Loo-Keng. On a system of Diophantine equations. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 27, 312-313 
(1940). [MF 3243] 

An improvement is announced of a result of C. Mard- 
janichvili [C. R. (Doklady) Acad. Sci. URSS (N.S.) 22, 
467 (1939) ] on the number of solutions of the system 
Xi+--++x,= Ni, +++, in positive inte- 
gers x;; this result is said to hold for s=so(m), where so(n) 
is an expression asymptotic to 7n? log n. G. Pall. 


Sambasiva Rao, K. A correction. 
(N.S.) 4, 125 (1940). [MF 3275] 
[Concerning the author’s paper in the same journal 3, 

262-265 (1939) ; these Rev. 1, 135.] The proof of Theorem 1 

in the author’s paper is made rigorous by making two 

changes in the original argument. R. D. James. 


J. Indian Math. Soc. 


Pillai, S.S. On Waring’s problem g(6)=73. Proc. Indian 

Acad. Sci., Sect. A. 12, 30-40 (1940). [MF 2750] 

The main part of this paper is devoted to proving that 
every integer N>e** is a sum of at most 73 integral sixth 
powers. The surprisingly small lower bound is obtained by 
the use of an inequality due to van der Corput [Nederl. 
Akad. Wetensch., Proc. 42, 461-467 (1939) ] which does not 
involve the function d(m), the number of divisors of n. 
Not all the numerical computations are given in detail and 
in one instance at least (Lemma 4) the result seems to be 
incorrect. However, the final result will probably not be 
affected. To show that all integers not greater than e**° 
are sums of at most 73 integral sixth powers, use is made of 
R. C. Shook’s table of sixth powers and Dickson's method of 
ascent [Bull. Amer. Math. Soc. 39, 701-727 (1933) ]. Finally 
the integer 703 requires exactly 73 integral sixth powers in 
its representation. R. D. James (Saskatoon, Sask.). 


Brauer, Alfred. On the non-existence of the Euclidean 
algorithm in certain quadratic number fields. Amer. J. 
Math. 62, 697-716 (1940). [MF 2871] 

A quadratic field is called Euclidean if the Euclidean 
division algorithm exists for any two integers in the field. 
The real fields R&/m) with m=2, 3, 5, 6, 7, 11, 13, 17, 19, 
21, 29, 33, 37, 41, 57 are known to be Euclidean and it is an 
unsolved question whether there are any more [O. Perron, 
Math. Ann. 107, 489-495 (1932); A. Oppenheim, Math. 
Ann. 109, 349-352 (1934) ; R. Remak, Jber. Deutsch. Math. 
Verein. 44, 238-250 (1934); E. Berg, Kgl. Fysiogr. Sallsk. 
Lund Férh. 5, no. 5 (1935); N. Hofreiter, Monatsh. Math. 
Phys. 42, 397-400 (1935)]. It has been shown that any 
additional (real) Euclidean fields must be of one of the 
forms: (I) m=p=13 (mod 24), (II) m=p=1 (mod 8), 
(IIl) m= pq, p=q=3, 7 (mod 8); p, g primes [H. Behrbohm 
and L. Rédei, J. Reine Angew. Math. 174, 192-205 (1936); 
Hofreiter, |.c.]. Analytical methods were then used to prove 
that each of these cases yields at most a finite number of 
Euclidean fields [I, II by P. Erdés and Ch. Ko, J. London 
Math. Soc. 13, 3-8 (1938); III by H. Heilbronn, Proc. 
Cambridge Philos. Soc. 34, 521-526 (1938) ]. 

In the present paper case I is treated in a purely elemen- 
tary manner and it is proved that such a field cannot be 
Euclidean if m>109; this leaves only the values 61, 109 
undecided here. The proof makes use of lemmas due to the 
above mentioned writers and also uses certain inequalities 
(due to the author) for the least odd quadratic non-residue 
u modulo a given prime p; for example, one of these in- 


equalities states that u<Vp+4+2 if p=5 (mod 8). It is 
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quite easy to prove that RG/p), p=13 (mod 24), is not - 


Euclidean if 24[2(4p)*/54+2(4p)"/541}<p, and this is cer. 
tainly true if p is large enough. The limit thus found for p 
is lowered by improving the inequalities involved and the 
remaining cases are then treated individually. 

H. W. Brinkmann (Swarthmore, Pa.). 


Carlitz, L. An analogue of the Staudt-Clausen theorem. 

Duke Math. J. 7, 62-67 (1940). [MF 3389] 

In earlier papers [Duke Math. J. 1, 137-168 (1935); 
3, 503-517 (1937)] the author has defined certain rational 
functions B,, (m is a multiple of p*—1) in an indeterminate 
x with coefficients in a finite field G(p") that are analogous 
to Bernoulli numbers. The following relation, for example, 
brings out this analogy: 


E" g(m) 
here the summation is over all primary polynomials £ in 
G(p"), & is a certain limiting expression and g(m) is a 
“normalizing” factor analogous to m! in the ordinary case. 
In the second of his earlier papers the author had proved 
an analogue to the von Staudt-Clausen theorem for the 
Bernoulli numbers. In the present paper he materially 
simplifies both the statement of the theorem and its proof. 
H. W. Brinkmann (Swarthmore, Pa.). 


Brown, D. M. Arithmetics of rational generalized quater- 
nion algebras. Bull. Amer. Math. Soc. 46, 899-908 
(1940). [MF 3446] 

A generalized quaternion algebra is a linear associative 
algebra of order four and rank two over the rationals with 
a basis 1 =, j, k, satisfying =a, jk = —kj=l. In this 
paper the arithmetics of such an algebra in the sense of 
Dickson are obtained for the case when a, 8 are square-free 
rational integers by a method which simplifies and extends 
earlier treatments by Latimer and others. The parities of 
a, B are unrestricted; the bases of the arithmetics are ob- 
tained non-tentatively ; the number of arithmetics for given 
a and 8 is determined. M. Ward (Pasadena, Calif.). 


Tornheim, Leonard. Integral sets of quaternion algebras 
over a function field. Trans. Amer. Math. Soc. 48, 436- 
450 (1940). [MF 3166] 

The author investigates the arithmetic in quaternion 
algebras Q over function fields F(z). Depending on the 
algebraic structure of F (all real numbers or a perfect field 
of characteristic 2) the theory of maximal integral sets § 
(relative to F[z]) is developed. In case that F is the field 
of real numbers it is shown that the fundamental number 
d of an algebra Q is the product of linear real polynomials 
and there is a single set S with the normalized base [1, 4, j, 
ij; ®=—1, #=(+1)d]. Similar bases are constructed for 
other fields of coefficients. These bases are used as the tool 
for determining whether a generalized Euclidean algorithm 
is true for a set S and the discussion of the ideal theory ina 
maximal set. O. F. G. Schilling (Chicago, IIl.). 


Vandiver, H. S. On improperly irregular cyclotomic 
fields. Proc. Nat. Acad. Sci. U. S. A. 27, 77-83 (1941). 
[MF 3658 ] 

The cyclotomic field k(¢), where { is a primitive /th root 
of unity, is called irregular if the class number of the field 
is divisible by the prime /. An irregular field is called prop- 
erly irregular if the ‘‘second factor” of the class number is 
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not divisible by /, improperly irregular in the contrary case. 
No improperly irregular fields are known and it is also 
known that for /=617 no field is improperly irregular. In 
this paper the author continues the study of such fields in 
the hope that he will eventually reach a contradiction and 
thus show that none exists. He distinguishes two kinds of 
improperly irregular fields. The first type contains no unit 
congruent to a rational integer, modulo (1—f£)'', and has 
properties similar to those of regular fields. Thus it turns 
out that for any real integer w prime to / we can find a unit 
7 in k(f) such that wy is congruent to a rational integer, 
modulo (1—f¢)'*-? [compare this to Hilbert, Werke, I, p. 
288]. For a field of the second type the Bernoulli numbers 
Bussy are divisible by P; here a is a certain fixed number, 
p=}(/—1) and y=0 is any integer. 
H. W. Brinkmann (Swarthmore, Pa.). 


Inaba, Eizi. Uber die Struktur der /-Klassengruppe zyk- 
lischer Zahlkérper vom Primzahlgrad/. J. Fac. Sci. Imp. 
Univ. Tokyo. Sect. I. 4, 61-115 (1940). [MF 3067] 
Let K be a cyclic field of prime degree / over an algebraic 

number field k. The I-class group (%) of K is the subgroup 
of the group of ideal classes of K that contains all the 
classes whose order is a power of 1. The purpose of this paper 
is to show how the structure of % can be determined in any 
given case by means of operations involving only numbers 
in k. To do this the author introduces a succession of sub- 
groups &, of 2. Thus §&; is the subgroup consisting of the 
“two-sided” (ambige) classes in %, that is, the classes C in 
£ for which C'*=1. Here o is a generator of the Galois 
group of K over k and C’ means the corresponding conju- 
gate of C. In general &, is the subgroup consisting of the 
classes C in & for which C“-*”"=1. It is shown first that 
% can be expressed as the direct product of ‘‘cyclic’”’ groups, 
that is, groups that consist of the symbolic powers of a 
single generating element. The symbolic “orders” of these 
cyclic groups are of the form (1—¢)* and the totality of 
these forms the set of “invariants” of &. It then turns out 
that the index of R,_; in &, is /*», where s, is the number 
of “invariants” divisible by a given (1—<¢)*. 

The essential step is now to show that &,/,-: is iso- 
morphic to a certain group of numbers in k. Let G, be the 
group of ideals generated by a set of representative ideals 
chosen from the basis classes of &,/R,-1. Let G, be the 
group of norms of the ideals in @, and H, the group of 
norms of those ideals in G, that are also in &,-1. Then 
R,/R,—1 is shown to be isomorphic to G,/H,. All the norms 
mentioned are principal ideals in k and the study of &,,/R,-1 
is thus reduced to that of these groups of numbers in k. 
The author shows next how to construct these groups of 
numbers step by step. The start is made by determining 
the classes containing two-sided ideals, and these are found 
from the relative discriminant of K/k. A process for con- 
tinuing from one group to the next is then described. The 
numbers used for the purpose of this continuation can be 
described by means of certain Artin symbols (generalization 
of the Legendre symbol) and can be found by solving 
certain Diophantine equations. If k is the field of rational 
numbers, the structure of the group of two-sided classes is 
reality determined. The author illustrates how his con- 
structions can be carried out by working through a numeri- 
cal example (/=3). If, in addition, K is a quadratic field 
(l=2), the whole procedure becomes very much simpler. 
The classes of order (1—¢)* are then the classes of order 2" 


and it is at once possible to determine, for each K, the 
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number (¢,) of invariants of the class group that are divisible 
by 2*. Beyond the classical result of Gauss, who determined 
¢1, €n has been studied by Rédei and Reichardt [Rédei and 
Reichardt (e2), J. Reine Angew. Math. 170, 69-74 (1933); 
Reichardt (e,), ibid., 75-82; Rédei (e2), J. Reine Angew. 
Math. 171, 55-60 (1934); Rédei (e;), ibid., 131-148]. The 
author is able to deduce the theorem of Rédei and Reichardt 
about ¢: from his general results. Here also a number of 
numerical illustrations are given. 

The discussion just given deals with the “absolute” class 
group, with the restriction that / be prime to the class 
number of k. The author also derives similar results for the 
L-class group with respect to any (generalized) modulus m 
which is prime to the relative discriminant of K/k. In par- 
ticular this takes care of the case of “restricted” equivalence 
for quadratic fields. H. W. Brinkmann. 


Niven, Ivan. Integers of quadratic fields as sums of 
squares. Trans. Amer. Math. Soc. 48, 405-417 (1940). 
[MF 3164] 

The author proves that in an imaginary quadratic field 
every integer of the form a+2bV¥—m is expressible as a 
sum of three squares of integers of the form x-+-yV¥—m 
(x, y rational integers). To do this he derives a condition 
that such an integer be expressible as a sum of two squares. 
Thus for the case of Gaussian integers (m= —1), an integer 
of the form a+2bi is the sum of two squares if and only if 
not both a/2 and 6 are odd integers; the theorem about 
three squares follows immediately. In the case where m=3 
(mod 4), it readily follows as a corollary that every inte- 
ger in the field is expressible as the sum of three such 
squares. The case of a real quadratic field is also briefly 
treated. The main tool used is a theorem of Mordell on 
expressing a quadratic form as the sum of two squares of 
linear forms with integral coefficients [Math. Z. 35, 1-15 
(1932) ]. For example, in the Gaussian case, the author sets 
a+2bi=(a+1)+2bi+# and then tries to choose ¢ so as to 
make this quadratic form in 1,4 the sum of two squares. 
By Mordell’s theorem this turns out to be possible if and 
only if a, b satisfy the conditions stated above. 

H. W. Brinkmann (Swarthmore, Pa.). 


Wenkov, B. Uber die Reduction positiver quadratischer 
Formen. Bull. Acad. Sci. URSS. Sér. Math. [Izvestia 
Akad. Nauk SSSR] 4, 37-52 (1940). (Russian. Ger- 
man summary) [MF 1981] 

The author introduces (after Minkowski) the space P of 
the coefficients a;; (tj) of positive real quadratic forms 
f=X.1aix; and studies the problem of determination of 
the fundamental domains, with respect to P, of the group 
G, of unimodular transformations of f. He considers the 
domain V(g) of points f=(ai, @nn) defined by 
inequalities 

(f, ®)S(f,@’G) every Gin G,, 


where @ is the adjoint of (the form) f and (f, ) is the scalar 
product of f and ®. Employing results of Minkowski and 
Voronoi [H. Minkowski, Diskontinuitatsbereich fiir arith- 
metische Aquivalenz, Gesammelte Abhandlungen, Bd. II, 
1911; G. Voronoi, J. Reine Angew. Math. 133 (1908) ], the 
author shows that V(¢) is a pyramid with a finite number 
of faces, and that should ¢ have no automorphs then V(¢) 
is a fundamental domain of G,. In conclusion, the author 
points out that with the help of this more general funda- 
mental domain one can see that for »>2 a fundamental 
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domain may be deformed continuously. This is unlike the 
case for »=2, where the boundary of this domain consists 
entirely of forms with automorphs. A. E. Ross. 


Humbert, Pierre. Théorie de la réduction des formes 
quadratiques définies positives dans un corps algébrique 
K fini. Comment. Math. Helv. 12, 263-306 (1940). 
[MF 3058] 

In this paper Minkowski’s theory of the equivalence of 
positive definite quadratic forms with respect to transfor- 
mations with integral coefficients (and determinant +1) is 
extended to transformations whose coefficients are integers 
in a finite algebraic field K and whose determinant is a unit 
in K. As it stands the group of such “unimodular” trans- 
formations is not properly discontinuous in the space of 
the coefficients of the form. The author therefore deals with 
a system S of forms consisting of a positive definite quad- 
ratic form with real coefficients for each real conjugate of 
K and a pair of conjugate imaginary Hermitian forms for 
each pair of conjugate imaginary conjugates of K. These 
forms in S are then simultaneously transformed by the 
transformations conjugate to the given unimodular trans- 
formation in K. In the space of the coefficients of S the 
group is then found to be properly discontinuous and results 
analogous to Minkowski’s hold : There exists a fundamental 
domain formed by the union of several convex solid angles 
R; each bounded by a finite number of hyperplanes; each 
R; is in contact with a finite number of equivalent funda- 
mental domains. In particular it follows that the unimodu- 
lar group here considered has a finite number of generators, 
a fact that had been proved by Hurwitz [Gesammelte 
Werke, v. 2, p. 244]. 

The method used is essentially that of Minkowski and 
consists in finding a “reduced” system equivalent to S. 
The main modification is that the process of “reduction” 
is accomplished in two steps, this being made necessary by 
the fact that the class number of K may be greater than 
one. First a given system S is transformed by all non- 
singular transformations with integral coefficients. From 
the resulting family of systems, systems are then selected 
successively by minimum requirements similar to those used 
by Hermite and Minkowski. One or more systems S; thus 
result, each being obtained by transforming S by a trans- 
formation A» which will not usually be unimodular. It is 
shown, however, that the norm of the determinant of Ao 
is bounded, and, as a consequence, that Ao= UA,, where 
U is unimodular and A, belongs to a certain fixed set of non- 
singular matrices A; (i=1, 2, ---, N). Transformation by 
A," then yields a system S; equivalent to S and this is 
called a “reduced” system. To each matrix A; corresponds 
a domain R; of reduced systems and the union of these is 
the fundamental domain of the unimodular group. The 
fundamental domain thus found is then shown to have the 
properties stated above. Throughout these proofs the main 
tool employed is Minkowski’s theorem on linear forms. 

H. W. Brinkmann (Swarthmore, Pa.). 


Siegel, Carl Ludwig. Einheiten quadratischer Formen. 
Abh. Math. Sem. Hansischen Univ. 13, 209-239 (1940). 
[MF 2382] 

This paper contains an extended discussion of results 
presented in Hamburg in January, 1939. The first part of 
the paper is devoted to a simple development of Minkowski’s 
theory of the reduction of positive quadratic forms [J. Reine 
Angew. Math. 129, 220-274 (1905); Werke, Bd. 2, pp. 53- 
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100. Cf. Bieberbach und Schur, S.-B. Preuss. Akad. Wiss., 
Phys.-Math. KI. 1928, 510-535] and of Hermite’s theory of 
the reduction of indefinite quadratic forms [Hermite, J. 
Reine Angew. Math. 47, 330-342 (1854); Oeuvres, T. 1, 
pp. 220-238; Stouff, Ann. Ecole Norm. (3) 19, 89-118 
(1902) ]. The second part contains the subject proper of this 
paper, that is, the study of the group I of integral auto- 
morphs of an indefinite quadratic form r’Gr. Here the 
author proves that this group of automorphs has a finite 
number of generators (a deep and difficult theorem), thus 
generalizing the well-known result for indefinite binary 
quadratic forms. He also establishes the convergence of the 


integral 
f 


(where G is the fundamental domain of IT in a suitably 
chosen space ¥)), and employs it to define the mass u(©) 
of T. [Cf. Siegel, Math. Z. 44, 398-426 (1939).] He next 
defines the mass (weight) of a genus as the sum u(©@;)+--- 
+ (S,), where S; are representatives of distinct classes of 
that genus and gives a formula for the weight of the genus 
of indefinite quadratic forms [cf. Siegel, Ann. of Math. (2) 
37, 230-263 (1936) ]. A. E. Ross (St. Louis, Mo.). 


Skolem, Th. On functions of the form )3'fi(x)P(x—i), 
where all f;(x) are polynomials and P,,,(x) =1 or 0 accord- 
ing as x=0 or 40(modm). Norsk Mat. Tidsskr. 22, 
52-63 (1940). (Norwegian) [MF 3314] 

The ring R; of all rational polynomials f(x) which take 
on integral values for integral values of x does not have the 
property that for any two polynomials f(x) and g(x) in R, 
there is an h(x) in R, such that for every integer x the value 
of h(x) is the greatest common divisor of the values of f(x) 
and g(x). The author solves the problem of extending R, to 
a ring R, which has this property. A ring R,, is defined 
consisting of all functions of the form given in the title 
which take on integral values for integral values of x. The 
union of rings R,, for all integers m is a ring R, having the 
desired property. The author points out that although R, 
achieves closure in the above sense its arithmetic is com- 
plicated by the non-existence of primes. 

H. T. Engstrom (New Haven, Conn.). 


Mahler, Kurt. Uber Polynome mit ganzen rationalen 
Koeffizienten. Mathematica, Zutphen. B. 8, 173-182 
(1940). [MF 1881] 

Verfasser betrachtet das Polynom f(x) =agx"+a,x"" 
+--++a, (n=3, ao~0) und die zugehérige Binarform 
F(x, y) =aox"+a;x""y+ ---+a,y". Durch Abschatzung der 
Resultante von F,’ und F,’ leitet Verfasser verschiedene 
Ungleichungen her, unter anderm eine Abschatzung nach 
unten von | f(x)|, die von Wichtigkeit ist bei der Bestim- 
mung des Masses aller Mahlerschen S-Zahlen. [Fiir weitere 
Literatur vgl. diese Rev. 1, 137. ] J. F. Koksma. 


Mahler, Kurt. On the product of two complex linear poly- 
nomials in two variables. J. London Math. Soc. 15, 
213-236 (1940). [MF 3141] 

Let a, 8, y, & be four complex numbers such that 
ai—By=1 and £, 7 two other complex numbers. Consider 
the product P(x, y) =(ax+By+£)(yx+é8y+n), where x and 
y are variable integers in the Gaussian field K (v¥—1). Some 
time ago E. Hlawka [Monatsh. Math. Phys. 46, 324-334 
(1938) ] proved that the minimum of the absolute value of 
P(x, y) is not greater than }; he determined also the limiting 
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case, when the sign of equality is necessary. The author 
obtains a new proof using the theory of reduction of positive 
binary Hermitian forms and the solution of a certain simple 
geometrical extremum problem. Two analogous theorems 
for the quadratic fields K(V—2) and K(¥—3) are proved 
by means of the same method. C. L. Siegel. 


Hofreiter, Nikolaus. Uber das Produkt von Linearformen. 
Monatsh. Math. Phys. 49, 295-298 (1940). [MF 3093] 
If d is the absolutely least discriminant for all algebraic 

fields of degree m with r real and 2s imaginary conjugates 

(r+2s=n), it is observed that there exist linear forms 

ly, --+, L, of determinant 1 (r with real, and s pairs with 

conjugate complex, coefficients) in rational integer variables 

%1,°**, Xn such that |Z; --- L,|<c has only the solution 

x; all zero, if c=1/d. This follows from the fact that 

N(@ix1+--+++,x,)2=1, being the norm of an algebraic 

integer. The special cases n=2, r=2; n=2, r=0; n=3, 

r=3; and n=3, r=1 give the results known to be best 
possible, c?=1/5, 1/3, 1/49, 1/23 [cf. H. Davenport, Proc. 

London Math. Soc. (2) 44, 412-431 (1938), and 45, 98-125 

(1939) ]. If m»=4 the determination of d [J. Mayer, Akad. 

Wiss. Wien, S.-B. 138, 733-742 (1929)] gives c?=1/725, 

1/275 and 1/117, according as r=4, 2 or 0. 

G. Pall (Princeton, N. J.). 


Hofreiter, Nikolaus. Diophantische Approximationen kom- 
plexer Zahlen. Monatsh. Math. Phys. 49, 299-302 
(1940). [MF 3094] 

Set if m#3, if m=3 (mod 4). If ay, -+-, 
are complex numbers, linearly independent with respect to 
the field k(i\/m), there exist infinitely many integers 
dy, ***, Qn in this field, such that x 


Here \K2=\/(m/2), 
K,2<(n+1)'(2\/m/(nrh))*. The proof uses the inequality 


2 ait 


where g,=y,+(A—1+%/m)z,/X, and thus reduces the prob- 
lem to one on minima of quadratic forms. G. Pall. 


|L| = | agit: +++ < 


Robinson, Raphael M. The approximation of irrational 
numbers by fractions with odd or even terms. Duke 
Math. J. 7, 354-359 (1940). [MF 3406] 

The author studies the problem [A. Hurwitz, Math. Ann. 
39, 279-285 (1891)] of approximation to an irrational 
number £ by rational numbers A/B subject to the condition 
of |§-A/B| <1/,B* for various values of yu. The results 
obtained extend those of Hurwitz and of W. T. Scott [Bull. 
Amer. Math. Soc. 46, 124-129 (1940); these Rev. 1, 203] 
and are the best of their type. The methods, unlike those of 
Scott [cf. L. R. Ford, Proc. Edinburgh Math. Soc. 35 
(1916) ], involve the traditional use of continued fractions, 
their convergents and their secondary convergents. The 
author’s bibliography contains only the paper of Scott. 

W. Leighton (Houston, Tex.). 


Veldkamp, G. R. Ein Transzendenz-Satz fiir p-adische 
Zahien. J. London Math. Soc. 15, 183-192 (1940). 
[MF 3136] 

The well-known theorem of Gelfond and Schneider [C. R. 

(Doklady) Acad. Sci. URSS (N.S.) 2, 1-6 (1934); J. Reine 


Angew. Math. 172, 65-69 (1934)] concerning the tran- 
scendence of w’ for irrational algebraic @ and algebraic 
0,1 has an analogue in the field of p-adic numbers: 
Let 6 and w be p-adic algebraic integers, @ irrational, w1 
and w=1 (mod p) and define the p-adic power w’ by the 
convergent series 

(0 log w)* 


=e os — 
k! m1 Ok 


then w® is transcendent. The proof uses the method of Th. 
Schneider and a lemma from a paper of K. Mahler [Com- 
positio Math. 2, 259-275 (1935) ], where another proof of 
this theorem based on Gelfond’s idea had already been 
given. C. L. Siegel (Princeton, N. J.). 


Popken, J. On Lambert’s proof for the irrationality of z. 
Nederl. Akad. Wetensch., Proc. 43, 712-714 (1940). 
[MF 3108] 

The author condenses Lambert’s demonstration for the 
irrationality of x into a new and very short proof whose 
simplicity is surprising, but his initial formula must also 
appear very surprising to a reader who is not at all ac- 
quainted with Lambert's proof. G: Pélya. 


Ingham, A. E. On two classical lattice point problems. 
Proc. Cambridge Philos. Soc. 36, 131-138 (1940). 
[MF 1713] 

The object of this note is to prove 


lim P(x) + un inf A(x) 
—_ = o, 
sup 


where P(x) is the error term in the problem of the lattice 
points of a circle, and A(x) the error term in Dirichlet’s 
divisor problem. J. G. van der Corput (Groningen). 


Lehmer, D.H. The lattice points of an n-dimensional tetra- 
hedron. Duke Math. J. 7, 341-353 (1940). [MF 3405] 
The author constructs polynomials which approximate 

to the number of lattice points lying inside or on the bound- 

ary of the n-dimensional tetrahedron bounded by the n 

codrdinate hyperplanes x,;=0, x2.=0, ---, x,=0 and the 

hyperplane 

where w; are positive and \ is a non-negative parameter. 
Denoting the total number of such points by 


N,(A) =N, (Alo, 


he constructs polynomials P,(A|w1, we, «++, and Q,(A| «1, 
@2, ***, @,) each of degree m in \ with coefficients depending 
ON @}, @2, -**, @, and such that the inequalities 


P,(A| a1, +++, @n) <Na(A| or, +++, @n) <Qn(A] wr, ++, 


are valid for all X20. The P:(A), Po(A), ---, P(A) are 
obtained as successive solutions of a sequence of linear 
difference equations. More precisely, if 


Si(x,o)= (x—pw)*, 
1 Sp 
it is shown that 
(1) w*{ — Mays} S(R+1)Si(x, w) 
Sw*{ 


where B,(x) is the »th Bernoulli polynomial and M,, m, 
are its maximum and minimum, respectively, in the inter- 
val 0Sx=1. Taking P,(A/w)=A/o, and assuming that 
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P,_1(A) has already been constructed, the formula (which 
is immediate) 


or, ---, wes) 
yields 
(2) DY 
k-1 
wx). 

Writing 


im,/n if t=0, 
K.()= if 
and substituting from (1) into (2), we obtain 


@ 


+1 


k-1 
>Pin&) +X 


v 
k-1 

wr’ 


and the right member, a polynomial in \ of degree k, is 
taken for P,(A). Expanding the Bernoulli polynomials and 
collecting the coefficients of the various powers of i, a 
recursion formula is obtained for p,~. The polynomial 
Q,(A) is constructed in a similar way. 

It is shown among other things that for each n>0 infi- 
nitely many n-dimensional tetrahedra exist for which 


N,(A) —P,(A) = O(a"), 


and the author compares (for n=5, A=1, 2, 3, 5, 8, 10, 10.5) 
his polynomials with approximating polynomials of other 
writers (one of which was used by J. B. Rosser, another 
by A. E. Western and a third by the reviewer). 

D. C. Spencer (Cambridge, Mass.). 


Chatrovsky, L. Sur les bases minimales de la suite des 
nombres naturels. Bull. Acad. Sci. URSS. Sér. Math. 
[Izvestia Akad. Nauk SSSR] 4, 335-340 (1940). (Rus- 
sian. French summary) [MF 3325] 

A sequence g={m, m2, ---} of integers m is called a 
basis of order h (of the natural numbers n) if every m is a 
sum of k numbers n,. If g(x) is the number of n, less than x, 
necessarily g(x)=c,x"*. An elementary method is given of 
constructing infinitely many distinct minimal bases (that 
is, with g(x)=O(x"")). A. Stéhr [Math. Z. 42, 739-743 
(1937) ] and D. Raikov [Rec. Math. [Mat. Sbornik] N.S. 
2 (44), 595 (1937) ] had previously found an example. 

G. Pall (Princeton, N. J.). 


Hua, Loo-Keng. On a lemma due to Vinogradow. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 24, 419-420 (1939). 
[MF 2048] 

Set 


o= IE exp +--+ +-ayx))|, 


ff 


Vinogradow proved [Rec. Math. [Mat. Sbornik] N.S. 
3 (45), 435-470 (1938) ] that I,.<Pr-#*“+»), where r is the 
greatest even integer less than Ln(n+1)(n+-2) log nm, and 
L2=4.81, Lig=4.12, L,=4.10 if n2=14. Hua states an 
improvement for n=10, namely I,<KP*-#*“+++, where 


$=2n+2'u+2'*(t+2)+---+2*—n, and ¢ is the least in- 
teger such that u= }4(¢+1)(t+2)—n20, and the constant 
K depends only on and «. He proves that for 2> 4n(n+1), 
G. Pall (Princeton, N. J.). 


Hua, Loo-Keng. Ona theorem due to Vinogradow. Quart. 
J. Math., Oxford Ser. 11, 161-176 (1940). [MF 3126] 
Proof is given of results for 2=n=10 slightly better than 

those announced in the paper reviewed above. G. Pall. 


Segal, B. On certain sets of integers. Bull. Acad. Sci. 
URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 4, 319- 
334 (1940). (Russian. English summary) [MF 3324] 
Let n=2 be an integer, J=r+1, r the greatest even num- 

ber less than 4-81n(n+1)(m+2) log nm. Let p1, ---, p1 be 

given primes, and let o;, ---,o; range over integer nth 

powers. Write »=1/n, p= (log log N)*-*, po= (log log N)*-*, 

Bi=log pi log px, Then the num- 

ber Iy of representations of N in the form N=dp," --- py", 

with e*=d=e and A=e, is given by 
Iy =2(y/B7) (log N)”"*4+O((log N)"te~*e), 

where 0<@<e. The case where the o; range over all inte- 

gers or all primes was considered in earlier articles [same 

Bull. 3, 519-538 (1939) ; cf. these Rev. 2, 40]. Estimates of 

sums due to I. M. Vinogradow and A. D. Gelfond are used. 

Lemmas 7 and 8 are alternative to, and are said to have 

wider applicability than, some estimates by van der Corput 

[Nederl. Akad. Wetensch., Proc. 42, 461-467 (1939) ]. 

G. Pall (Princeton, N. J.). 


Rosser, Barkley. Explicit bounds for some functions of 
prime numbers. Amer. J. Math. 63, 211-232 (1941). 
[MF 3644] 

Denote by x(x), p(m) and 6(x), respectively, the number 
of primes not exceeding x, the nth prime and the logarithm 
of the product of all primes not exceeding x. It is known 
that for each positive constant A there exists a constant V 
for which the following statements are true: 


 <2(x) < ————__,, x=N, 
log x—1+A log x—1-—A 
n log n+-n log log n—n—An< p(n) 
<n log n+n log log n—n+An, n=N, 


A A 
(:-— 
log x log x 
The author considers two problems: (i) that of determining 
the N which goes with a particular A; (ii) that of deter- 
mining how small A can be without requiring that N be 
large. Partial answers are given of which the following are 
sample results: 


x=e™, 


1 
(1) 


og x log x— 
x 
(2) <4(x)< 22585. 
log x+2 log x—4 


It is to be noticed from (1) and (2) that there is a gap from 
e'© to ¢2°°° for which we must be satisfied with A =3 instead 
of A=1. The author explains that this situation is appar- 
ently due to the insufficiency of our information about the 
zeros of the Riemann zeta function. For x=10° the proof is 
based on comparisons with Lehmer’s “List of Prime Num- 
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bers” and the ingenious use of a computing machine. For 
x2=10° analytical methods are used. These are based on 
methods discussed in Landau’s ‘Handbuch der Lehre von 
der Verteilung der Primzahlen,” with the later improve- 
ments of Backlund, Ingham, Titchmarsh and the author. 
R. D. James (Saskatoon, Sask.). 


Petersson, Hans. Konstruktion der simtlichen Lésungen 
einer Riemannschen Funktionalgleichung durch Dirich- 
let-Reihen mit Eulerscher Produktentwicklung. III. 
Math. Ann. 117, 277-300 (1940). [MF 2156] 

In Part I of this series [Math. Ann. 116, 401-412 (1939) ] 
the author has, by means of a metrization in the space of 
the entire modular forms, proved that the matrices \(m) 
of Hecke’s theory of Euler products [Math. Ann. 114, 1-28, 
316-351 (1937)] can, for “Stufe” 1, simultaneously be 
transformed into diagonal form, which means that Dirichlet 
series and Euler products with numerical coefficients instead 
of matrix coefficients can be obtained. The situation for 
Stufe Q has been studied in Part II [Math. Ann. 117, 39-64 
(1939) ; these Rev. 1, 294]. The simultaneous reduction on 
diagonal form is also possible for the sets of modular forms 
belonging to a divisor ¢ of Q which contains only prime 
factors of t:=Q/t. If, however, ¢ contains primes not dividing 
t;, some eigenvalues w(m) can be multiple for all operators 
T,. In the Euler product of a Dirichlet series which corre- 
sponds to such a modular form they give rise to a factor 
K(s), here called the “kernel.” The result of this paper is 
that the kernel is always a linear combination of a finite 
number of products of the form 


qi" 


where gi,°**,@s are the primes dividing ¢ but not h, 
a, Characteristic roots of certain linear transforma- 
tions and 7, ---, », integers which can run up to the multi- 
plicity of the corresponding a at most. For h=1 the author 
proves moreover that each 
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is itself an admissible K(s); this case takes place in par- 
ticular for Q=t=q*. H. Rademacher (Swarthmore, Pa.). 


Scott, S. A. Some applications of the generalised Poisson- 
Jensen formula. Proc. Edinburgh Math. Soc. (2) 6, 
151-156 (1940). [MF 2847] 

The formula in question is 


G 


dg(s) log |f(s)| 

r on on 
where f(s) is meromorphic with zeros a, and poles b, in the 
domain G with boundary I; g(s) = g(o¢+#) is a real function 
of « and ¢ with continuous partial derivatives up to the 
second order, and 0/dn is taken along the inside normal of 
I’. In all applications the function f(s) is taken as ¢(s), and 
by different specializations of g(s) the author obtains for- 
mulae containing the non-trivial zeros of {(s), as, for ex- 
ample, the Riemann-von Mangoldt formula for N(T). The 
following formula seems to be new: 


log f log fat 
2 
+O(log? T), 


where the sum is taken over all zeros p,=8,+iy, of ¢(s) 
with 2<y,<T, x(s) being 
«Ss 
cos 


The left-hand member of (*) can be replaced by 
LX (8.—4) log (y,/2n). 


H. Rademacher (Philadelphia, Pa.). 


GEOMETRY 


Loong, Chi-Ho. Further generalizations of Simson line, 
Kantor point and Kantor line. Téhoku Math. J. 46, 
173-180 (1939). [MF 1181] 


Minoda, Takashi. On some theorems concerning S. Kan- 
tor’s theorem and its extension. Tdhoku Math. J. 46, 
26-40 (1939). [MF 1164] 


Lob, H. A note on Morley’s trisector theorem. Proc. 
Cambridge Philos. Soc. 36, 401-413 (1940). [MF 2919] 
The author has previously shown [Proc. Cambridge 

Philos. Soc. 29, 45 (1933) ] that the chain of circles theorem 

of De Longchamps, also discovered by F. Morley, may be 

derived by successive projection of a rational normal C, 

in an [ ]. In the present paper he shows that the considera- 

tion of the osculating developables of the various space 
curves formed by the successive projection leads to proper- 
ties which in the case of C,=C; furnish a proof of Morley’s 
trisector theorem. The paper concludes by treating the 
latter case in detail. [Cf. also Lebesgue, Enseignement 

Math. 38, 39-58 (1940) ; these Rev. 2, 8.] 

N. A. Court (Norman, Okla.). 


Egervaéry, Eugen. Uber ein raumliches Analogon des 
Sehnenvierecks. J. Reine Angew. Math. 182, 122-128 
(1940). [MF 2820] 

The author extends to space Ptolemy's theorem, in the 
following way: If a hexahedron with concurrent diagonals 
is inscribed in a sphere, the sum of the squares of the geo- 
metric means of the tetrads of homologous edges is equal to 
the geometrical mean of the diagonals of the solid. 

N. A. Court (Norman, Okla.). 


van Wijk, U. H. The problem of contact of Apollonius. 
Mathematica, Zutphen. A. 9, 157-159 (1940). (Dutch) 
[MF 3706] 


Montel, Paul. On the quadrature of the circle. An. Soc. Ci. 
Argentina 128, 321-330 (1939). (Spanish) [MF 3771] 


Daus, P.H. Bisecting circles. Amer. Math. Monthly 47, 
519-529 (1940). [MF 3076] 
The families of circles are considered which (a) bisect 
two circles, (b) are bisected by two circles, and (c) bisect 
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one circle and are orthogonal to another. The results are 
applied to ruler and compass construction of circles, when 
bisection is one of the determining conditions. 

N. A. Court (Norman, Okla.). 


Tietze, Heinrich. Uber die mit Lineal und Zirkel und die 
mit dem rechten Zeichenwinkel lésbaren Konstruktions- 
aufgaben. I. Math. Z. 46, 190-203 (1940). [MF 2395] 
Given n+1 points Ao, A, not all collinear and 

with Cartesian codrdinates (0,0), (a1, 51), ---, (Ga, 5a), re- 
spectively, constructions with a “square” (instrument for 
drawing straight lines and right angles) generate the points 
whose coordinates are: x= y= and the 
lines whose equations are: ux+vy+w=0, with u,v of the 
same form as the above x, y, respectively, and with w= kori, 
where ko, k, belong to the field generated by 1, ri2/ri, 
With J. L. Dorroh. 


Garnier, René. La formule de Savary et la construction 
de Bobillier en géométrie plane hyperbolique. Bull. Sci. 
Math. 63, 279-300 (1939). [MF 973] 


Terheggen, H. Zur analytischen Geometrie auf der Ge- 
raden von Hermite als Grenzfall der Geometrie in der 
Hermitischen Ebene und ihr Zusammenhang mit der ge- 
wohnlichen sphirischen Trigonometrie. Jber. Deutsch. 
Math. Verein. 50, 24-35 (1940). [MF 2771] 

The author developed in an earlier paper [W. Blaschke 
and H. Terheggen, Rend. Sem. Mat. Roma 3, 153-161 
(1939) ; cf. these Rev. 1, 261] the geometry of a triangle in 
a Hermitian plane. If the three points are on a “normal 
chain,” the ordinary spherical trigonometry is obtained. 
In this paper the author investigates the special case that 
the three points are on a straight line of the Hermitian 
plane, which case cannot be settled by the methods of the 
earlier paper. The points of the Hermitian line can be 
mapped on the points of a real sphere, and thus a new 
connection between the Hermitian geometry and the spheri- 
cal trigonometry is developed. Not only the elementary 
formulas but the entire spherical trigonometry as developed 
by Study can be obtained in this way. E. Helly. 


Ficken, F. A. Cones and vector spaces. Amer. Math. 

Monthly 47, 530-533 (1940). [MF 3077] 

The author gives a lattice-theoretic interpretation of 
various concepts of abstract projective geometry. Included 
are the concepts of polarity with respect to a non-singular 
quadratic form, and related positiveness, negativeness, and 
isotropy of vectors, and decompositions into subspaces. 
Proofs are omitted because they follow well-known patterns. 

G. Birkhoff (Cambridge, Mass.). 


Haenzel,G. Geometrie und Wellenmechanik. II. Dirac- 
sche Gleichung, Unscharfe und Vertauschbarkeit. Jber. 
Deutsch. Math. Verein. 50, 121-129 (1940). [MF 3072] 
In a previous paper [in the same Jber. 49, 215-242 (1940) ; 

these Rev. 1, 262] the author explained how Eddington’s 
operators E«% may be associated with the Pascal configura- 
tion. In the first part of the present paper he dualizes this 
result, and shows how these operators may be associated 
with the Brianchon configuration. In the remainder of the 
paper an attempt is made to interpret the “uncertainty 
principle” geometrically. G. de B. Robinson. 
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Ramamurti, B. A geometrical proof of a theorem on 
spinors. Proc. Indian Acad. Sci., Sect. A. 11, 497-501 
(1940). [MF 2688] 

The author obtains the known relation between sym- 
metric second-order two-component spinors and self-dual 
antisymmetric four-dimensional two-index tensors by using 
Veblen’s geometric representation [Rice Inst. Pamphlet 
(1934) ] of two-component spinors as homogeneous param- 
eters for the two families of generators of the quadric which 
is the section of the null cone (x")*+(x*)?+(x*)?—(x*)?=0 
by the hyperplane at infinity. A. H. Taub. 


Bottema, O. Self-projective point-sets. Nederl. Akad. 

Wetensch., Proc. 43, 591-598 (1940). [MF 3101] 

If we consider, in m-space S,, a set of n+2 points, no 
n+1 of which belong to a S,_1, taken in a given order, 
there always exists a non-singular collineation which inter- 
changes the points of the set in a given way. This theorem 
does not hold for a set of m+3 points taken in a given order 
and which may be called a throw. If the case n=1 is ex- 
cluded, there does not generally exist a collineation different 
from identity so that the set, taken as a whole, is not 
altered. The question arises of constructing sets which are 
invariant for certain finite collineation groups. For »=2 
and n=3, the problem was completely solved by Barrau 
[Nederl. Akad. Wetensch., Proc. 39, 955-961 (1936); 40, 
150-155 (1937) ]. The author gives a solution for the general 
case. The method is based on the fact that +3 points of 
a throw in S, always lie on a rational normal curve C, of 
degree n, and correspond to +3 values of a complex 
parameter ¢. If the given throw is self-projective, then there 
exists a group of linear transformations of the variable ¢ 
which leaves the corresponding points of the complex plane 
invariant. The theory of all finite subgroups of the group 
of linear transformations of a complex variable is known 
[ef. F. Klein, Vorlesungen iiber das Ikosaeder, Leipzig, 
1884 ]. Using these known results, the author gives a method 
for constructing all self-projective throws in S,. He enumer- 
ates all possible cases for S2, S; and S,. For general m, each 
case must be considered for itself, the solution depending on 
the arithmetic properties of the number n. E. Helly. 


Bottema, O. Ueber affine Invarianten bei quadratischen 
Formen. Nederi. Akad. Wetensch., Proc. 43, 866-873 
(1940). [MF 3181] 

Weitzenbéck has investigated the invariants of a quad- 
ratic and a linear form, in 2-space and 3-space, when the 
transformations of the affine group are applied. The author 
replaces Weitzenbéck’s absolute invariants by other func- 
tions, which have certain advantages. He discusses the geo- 
metrical meaning of his absolute invariants in 2-space, and 
shows how his results can be transferred to the system of a 
quadratic and a linear form in n-space. E. Helly. 


Bottema,O. Absolute Invarianten von fiinf Geraden in Ry. 
Nederl. Akad. Wetensch., Proc. 43, 1011-1015 (1940). 
[MF 3531] 

Absolute invariants of five straight lines 1,, lz, ls, la, ls 
in 4-space can be found by computing the ratios of certain 
ordinary invariants of the five lines as given by Weitzenbick 
[Nederl. Akad. Wetensch., Proc. 42, 245-252 (1939) ]. The 
author of the present paper shows that these absolute invari- 
ants are equal to certain crossratios connected with the given 
lines in that way : the lines /,, 2, 1; have generally one trans- 
versal line ms; the lines mys, 14, 1s have a transversal line 
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mys The line mys is met by the lines 1, /2, 1; and m4s in four 
points, whose crossratio is an absolute invariant of the five 
given lines. There are, in general, 10 such crossratios, 
which are determined by five of them. E. Helly. 


yan der Woude, W. Ueber vier Gerade in R,. Nederl. 
Akad. Wetensch., Proc. 43, 946-954 (1940). [MF 3529] 
A well-known theorem [cf. H. F. Baker, Principles of 
Geometry IV, Cambridge] states that, if four general 
straight lines a1, a2, a3, a4 in four-space are given, one and 
only one associated line as can be found so that (condition 
(A)) each plane intersecting the four given lines also inter- 
sects the fifth line as. The expression “four general lines’ 
means that (a) no three of these lines are in the same 3-space, 
(b) there is no line intersecting all four lines, (c) there is no 
plane through one of the four lines which intersects the 
other three lines. The author investigates the consequences 
resulting if one of these conditions is not satisfied. (a) If 
1, @2, @3 are in the same 3-space, all lines of the regulus 
which is determined by ai, a2, a3 satisfy condition (A). 
(b) If there is a line intersecting a1, a2, ds, ds, all lines of a 
certain ruled surface of the third order satisfy (A). (c) If 
there is a plane through a, intersecting a, a2, a3, the line as 
coincides with ay. E. Helly (Paterson, N. J.). 


Graf, H. Riaumliche Ebenennetze, deren Sechsflachzellen 
Inkugeln besitzen. Math. Z. 46, 591-604 (1940). 
[MF 2784] 

Generalizing his own article in the plane, written in 
collaboration with R. Sauer [Math. Z. 44, 374-378, 380- 
386 (1938) ], the author proves the proposition : Ein eben- 
flachiges Sechsflachnetz, dessen samtliche Einzelzellen In- 
kugeln besitzen, hat stets die Eigenschaft, dass auch samt- 
hche n*-Zellen beliebiger Griésse (n=2, 3, 4, ---) Inkugeln 
haben. N. A. Court (Norman, Okla.). 


Wells, A. F. Finite complexes in crystals: a classification 
and review. Philos. Mag. (7) 30, 103-134 (1940). 
[MF 2766] 

By tabulating non-negative integral solutions of the equa- 
tions No+N3+Ni=p, 2N2+3N3:+4N.=21, for integral 
values of p from 3 to 12 and of / from p to 2p, the author 
provides an arithmetical basis for the enumeration of closed 
networks or graphs “p;,” having p vertices of which N:2 
belong each to two of the / edges, N; to three, N, to four 
(and, as a practical limitation, none to more than four). 
He restricts consideration to planar graphs (thus ruling out 
51 and 7,4) and then to polyhedra (N2=0). His list of 23 
polyhedra with three edges at each vertex, from 4, (the 
tetrahedron) to 123s, agrees with M. Briickner’s [Vielecke 
und Vielflache, 1900, Tafel II]; but his list of 15 polyhedra 
with four edges at each vertex, from 6:2 (the octahedron) 
to 1224, is incomplete, since in fact there are more than two 
polyhedra 122, with eight triangular and six quadrangular 
faces. The paper is illustrated with excellent drawings. 

H. S. M. Coxeter (Toronto, Ont.). 


Brooks, R. L., Smith, C. A. B., Stone, A. H. and Tutte, 
W.T. The dissection of rectangles into squares. Duke 
Math. J. 7, 312-340 (1940). [MF 3404] 

A squaring of order m (m finite) of a rectangle R is a 
decomposition of R into m non-overlapping squares. If 
nm>1, and if the squares are all unequal, the squaring is 
called perfect, and R is a perfect rectangle. Dehn and 
Sprague have proved that a rectangle can be squared if 
and only if its sides are commensurable; it then is perfec- 


tible in an infinity of essentially different ways [Dehn, 
Math. Ann. 57, 314-332 (1903); Sprague, J. Reine Angew. 
Math. 182, 60-64 (1940); Math. Z. 46, 460-471 (1940); 
cf. these Rev. 2, 11]. The authors associate with each 
“oriented” squared rectangle a certain linear graph and a 
flow of electric current through it and study the squared 
rectangles by means of the associated electric networks. 
They not only obtain new proofs of the theorems mentioned 
above but many other results such as methods of con- 
struction of (perfect) squared rectangles and squares, and 
sufficient conditions for a squaring to be perfect. They 
prove min m=9 for all perfect rectangles, and min »=26 
for perfect squares. The last paragraph contains some 
generalizations. P. Scherk (New Haven, Conn.). 


Perron, Oskar. Uber liickenlose Ausfiillung des n-dimen- 
sionalen Raumes durch kongruente Wiirfel. Math. Z. 
46, 1-26 (1940). [MF 1474] 

Bei seiner Untersuchung der Minkowskischen Vermutung 
iiber den Grenzfall des Minkowskischen Satzes iiber homo- 
gene Linearformen, hat O. H. Keller diese Vermutung 
verallgemeinert zu einer Aussage iiber das Auftreten ge- 
wisser Wiirfelpaare bei liickenloser Ausfiillung des R, durch 
kongruente Wiirfel [J. Reine Angew. Math. 163, 231-248 
(1930) ]. Die Kellersche Vermutung wird vom Verfasser 
eingehend untersucht. Gezeigt wird, dass fiir jedes feste n 
die Entscheidung iiber Richtigkeit oder Falschheit der Ver- 
mutung durch endlich viele Versuche erzwungen werden 
kann. J. F. Koksma (Amsterdam). 


Perron, Oskar. Modulartige liickenlose Ausfiillung des 
R,, mit kongruenten Wiirfeln. I. Math. Ann. 117, 415- 
447 (1940). [MF 3004] 

A cube with center (a',---,a") in Euclidean n-space 
R, is the set of points (x', ---,x*) with —}=x"—a’<} 
(v=1,---,m). An M-covering of R, is a set of cubes such 
that each point of R, lies in one and only one of them, and 
such that the vectors from the origin to the centers of the 
cubes form a modul. Minkowski conjectured that every 
M-covering contains m cubes with the respective centers 
(a, ---, a@:") such that for conveniently numbered coordi- 
nates a;*=1 and a*=0 if i>k (4, k=1, 2, ---, m). Accord- 
ing to a theorem of the author every M-covering contains 
n cubes with the respective centers (a;', ---, a") such that 
a*=1, 0OSa*#<1 for (¢, k=1,---,m) [Math. Z. 46, 
1—26 (1940), theorem 5; cf. the preceding review ]. In this 
paper he shows that Minkowski’s hypothesis is equivalent 
to the conjecture that all the products 
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vanish (r=2, ---, m; for R=1, ---, 7). He 
proves that conjecture for »=8. His main tool is his the- 
orem that, if the center of a cube of an M-covering is not 
the origin, at least one of its coordinates is an integer not 
equal to 0. P. Scherk (New Haven, Conn.). 
Strubecker, Karl. Beitrag zum Pohlkesatz. Akad. Wiss. 
Wien, S.-B. Ila 148, 107-110 (1939). [MF 2538] 
Pohlke’s well-known theorem states: let A’=(U’, A’, 
B’, C’) be a system of four non-collinear points on a plane. 
Then a “tripod” A=(U, A,B,C) with UA=UB=UC, 
UA 1 UB 1 UC can be found such that A’ is an oblique pro- 
jection of A. There are many proofs of this theorem. The 
new proof given in this paper, based on a paper of E. Kruppa 
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[Akad. Wiss. Wien, S.-B. 116, 931-936 (1907) ], uses freely 
the description of metric properties of figures in terms of 
their relations to the absolute polar-system. E. Helly. 


Graf, Ulrich. Die Projektion bewegter Bilder auf gewdlbte 
Schirmflichen. Z. Angew. Math. Mech. 20, 50-57 
(1940). [MF 2375] 


Graf, Ulrich. Pathologische P iven. Jber. Deutsch. 
Math. Verein. 50, Abt. 2., 35-53 (1940). [MF 3075] 
Experience shows that exactly constructed perspective 

drawings give a kind of unnatural impression, in increasing 

degree the larger the distance from the fundamental point 

(pedal point of the normal line of vision) becomes. The ideal 

impression would appear on a sphere around the eye (“‘Seh- 

kugel”). In order to obtain an image which corresponds 
more to our visual impression, two successive mappings are 
considered : the first of the object on the “Sehkugel,”’ the 
second of the “Sehkugel” on the plane. If this second map- 
ping is different from the perspective mapping of the 

“Sehkugel” from its center on a tangent plane the resulting 

image is called a “pathological perspective picture.”’ Four 

different kinds of such pathological mappings are discussed. 
O. Neugebauer (Providence, R. I.). 


Gotthardt, E. Beitrige zur Frage der Genauigkeit der 
gegenseitigen Ortung von Senkrechtbildpaaren. Bild- 
messung und Luftbildwesen. Beilage Allg. Vermessgs.- 
Nachr. 15, 2-24 (1940). [MF 2763] 

The errors of correspondence setting of two aerial photo- 
graphs can be found by the method of least squares using 
only the ordinates of at least five couples of corresponding 
points. The errors are defined as small rotations around the 
three axes of swing, setting and tilt. The least square method 
gives the most probable values of these quantities and their 
probable errors. The problem of this paper is to investigate 
whether these rotations can be replaced by certain linear 
functions of them, whose probable errors have extreme 
values. Let Xi, X2, ---, Xs be the variables and X, 
a linear function, normed so that }°f,?=c*. The precision 
of this function is given by a quadratic form 0= Onnfmfn 
and this value has to be a maximum or minimum while 
>/.’=c*. This problem is identical with the well-known 
transformation of a quadratic form into a sum of squares, 
and, generally, five functions F,, can be found satisfying 
the given conditions. These functions can be introduced, as 
a kind of normal coordinates, to replace the quantities X,. 
The author investigates the significance of these functions 
with respect to the mapping problem, using a numerical 
example, and he shows the advantage of introducing these 
normal-coordinates in order to study the deformation of the 
model due to errors of orientation. E. Helly. 


Frank, M.L. Descriptive geometry of a four-dimensional 
space according to the concept of E. S. Fedoroff. Lenin- 
grad State Univ. Annals [Uchenye Zapiski ] Math. Ser. 6, 
90-107 (1939). (Russian) [MF 3293] 


Differential Geometry 


*¥Eisenhart, Luther Pfahler. An Introduction to Differ- 
ential Geometry. Princeton Mathematical Series, v. 3. 
Princeton University Press, Princeton, N. J., 1940. 
x+304 pp. $3.50. 

The book deals with classical differential geometry of 
curves and surfaces in Euclidean 3-space. The first chapter is 
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mainly concerned with curvature, torsion, the Frenet for- 
mulas for a space curve and some surfaces associated with 
a curve. The second chapter is devoted to tensor calculus 
and also contains a rather complete discussion of the system 
of total equations d@*= ¥;*(6, x)dx* on which some theorems 
in the sequel are based. The third chapter is devoted to the 
first fundamental form and the intrinsic geometry of sur- 
faces, while the fourth and last chapter treats the second 
fundamental form, the total and mean curvatures and the 
equations of Gauss and of Codazzi and Mainardi. Many 
topics are treated all too briefly and it is probably due to 
this that a number of inaccuracies have crept in. 
M. S. Knebelman (Pullman, Wash.). 


v. Sz. Nagy, Gyula. Uber die Eigenschaften der be- 
schrankten ebenen Kurven ohne Tangeptensingularitit. 
Math. Z. 46, 605-626 (1940). [MF 2785] 

Given a curve in the Euclidean plane with continuous 
tangents everywhere; the order [class] of that curve is 
defined as the maximum number of its points [tangents] 
which coincide with a straight line [point]. A curve K, shall 
be closed and shall have no other singularities than double 
points and r cusp points of the first kind. There are two 
types of curves K, according as r has even and odd values. 
The curves K, for which r is even are H. Brunn’s “‘Busch- 
enveloppen” B,. They possess exactly one tangent in each 
direction [Brunn, Ueber Kurven ohne Wendepunkte, Miin- 
chen, 1889; v. Sz. Nagy, Math. Z. 41, 479-492 (1936) ]. If ris 
odd, we obtain curves C, which have exactly two tangents 
in each direction. The r cusp points of a curve C, decom- 
pose it into r components; r—1 of them are convex; the rth 
component is either convex or of third order and may be 
decomposed then into two convex arcs. A line of a pencil of 
parallel straight lines meets either one of the components in 
no more than three points or two of them in no more than 
two points each, all the others in both cases in at most one 
point each. Hence the order of a curve C, is not greater 
than r+2; it is at least equal to its class. Furthermore, 
the author discusses the position and number of the double 
points and some other properties of a curve C,, as well 
as various constructions of and at curves K, such as small 
alterations in the neighborhood of a cusp point or double 
point, through which a curve B,,; is transformed into a 
curve C, or a curve C, is dissected into two curves, one 
of which is a curve B,,, while the other is a curve C,, 
[r1+172=r+1] if it has no double tangents. 

P. Scherk (New Haven, Conn.). 


Markoff, A. A. What is a smooth surface? Leningrad 
State Univ. Annals [Uchenye Zapiski] Math. Ser. 10, 
27-39 (1940). (Russian) [MF 3301] 

Defining differential geometry as the study of geometric 
objects by the methods of infinitesimal analysis, the author 
seeks to delimit in a purely geometric way the class of 
objects which underlie this subject. He defines a smooth 
manifold X in an affine r-dimensional space A, as a con- 
nected and locally closed subset of that space which has at 
each point aeX a “tangent space’ T(X, a). This, in turn, 
is defined essentially as follows. For a given set X in A,, 
xeX, and positive real £, let H(X, x, §) denote the set which 
results from the “magnification” of X in the ratio & with 
the point x as center: that is, the locus of endpoints of 
vectors §v, where v is a radius vector with origin at x and 
terminus on X. Now, a point y of A, is said to be an upper 
limiting point of the system H(X, x, §) as xa and >, 
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ided that, for an arbitrary choice of a neighborhood U 
of y, neighborhood V of a, and real r, there exists at least one 
point xeV“X and one real £>7 such that (*) U-H(X, x, £) 
#0. The point y is said to be a lower limiting point of that 
same system provided that to the given U of y there exists 
a V of a and ar such that (*) holds for every xeV-X 
and every £>r. When it happens for a given set X and 
point aeX that every upper limiting point of the system 
H(X, x, §), xa, ©, is also a lower limiting point, then 
the totality of these limiting points is called the limit set. 
This limit set is, by definition, the tangent space T(X, a). 
The tangent space, when it exists, is a linear manifold 
(in A,) containing the point a (Th. 1). If X is a smooth 
manifold, 7(X,a) varies continuously with a (Th. 2) and 
is of constant dimension ; in anticipation, this is called the 
dimension of X. The cardinal objective of the paper is 
attained in the theorem (5) that at each point of an n-dimen- 
sional smooth manifold X in A, there exists a neighborhood 
U such that in the associated coordinate system the set 
UnX is described by the equations: 


&=fi(ts, fo, 


where the functions f; are defined in an open subset of the 
r-dimensional number space, and possess continuous first 
partial derivatives with respect to all arguments. The prin- 
cipal tool in the construction of these functions is the use 
of families of parallel linear manifolds of dimension r—n 
transversal to the tangent space. L. Zippin. 


t=n+1,---,7, 


Alexandroff, A. D. Almost everywhere existence of the 
second differential of a convex function and some prop- 
erties of convex surfaces connected with it. Leningrad 
State Univ. Annals [Uchenye Zapiski] Math. Ser. 6, 
3-35 (1939). (Russian) [MF 3285] 

The following results, which for two variables were ob- 
tained by H. Busemann and W. Feller [Acta Math. 66, 
1-47 (1936) and Bemerkungen zur Differentialgeometrie 
der konvexen Flachen. III., Mat. Tidsskr. B. 1936, 41- 
70], are established for m variables: A convex function 
fix:, «++, %n)=f(x) has almost everywhere a generalized 
second differential. This means geometrically that at almost 
every point (x°, f(x°)) of the convex surface = :z=f(x) the 
following statements hold: The tangent plane 7 exists in 
the strong sense that it is the paratingent. Every two- 
dimensional plane through (x°, f(x°)) which is not contained 
in x intersects the surface in a curve which has a finite 
curvature at (x°, f(x°)). The curvatures obey the laws of 
Meusnier and Euler. The limit process by which the curva- 
ture is defined is uniform in a certain sense. If o is a set on 
2 we call the spherical image of o the set w(c) of all points 
of }-x;*+2?=1 where the normal is parallel to a normal 
of at a point of If this mapping of 2 into 
is absolutely continuous the measure of w(c) can be ex- 
pressed as the integral over the product of the main curva- 
tures (which are almost everywhere defined). Furthermore 
the following result on “mixed volumes” (gemischte Volu- 
men) is obtained: If Hi, ---, H, are the supporting func- 
tions of convex bodies, if the functions }>A;/7; are absolutely 
continuous for A;>0 and if the radii of curvature of the 
corresponding surfaces never vanish, then 


Vi, ---, 
Vi, HA,-1, H,-1) Vi, H,), 


and the equality sign holds only if the bodies are homo- 
thetic. 


H. Busemann (Chicago, IIl.). 
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Balanzat, Manuel. Généralisation de quelques formules 
de géométrie intégrale. C. R. Acad. Sci. Paris 210, 
596-598 (1940). [MF 3033] 

Balanzat, Manuel. Integral formulas for the intersection 
of sets. Union Mat. Argentina, Publ. no. 14, 19 pp. 
(1940). (Spanish) [MF 2940] 

Given two measurable sets EZ; and E; with respec- 
tive measures m(E,) and m(E:) in an Euclidean n-space 
(n=1, 2, 3). Let dK be the kinematic density in that space. 
Let be movable, fixed, and let m(E;, Ex) be the 
measure of their crosscut. Then 


Sm(E,, E2)dK =Cm(E,)m(E2), 


where C is equal to 1, 2x or 8x? according as n is 1, 2 or 3. 
This formula holds if the sets are intervals, squares and 
cubes [Blaschke, Integralgeometrie, I and II], and there- 
fore also for open sets; finally either of the sets EZ, and E, 
may be represented as the difference of an open set and a 
set of arbitrarily small measure. Analogous formulas hold 
if one of the sets consists of a finite number of points, or 
if it is replaced by a straight line, a plane, a plane band 
between two straight lines, a band between two parallel 
planes, a cylinder, etc., or if E; is subjected only to trans- 
lations. P. Scherk (New Haven, Conn.). 


Kasner, Edward and De Cicco, John. General invariants 
of irregular analytic elements. Proc. Nat. Acad. Sci. 
U. S. A. 27, 88-92 (1941). [MF 3660] 

An analytic element is an analytic arc associated with one 
of its points, and is represented by expressing the codrdi- 
nates as integral power series in a parameter. This study 
classifies analytic elements with respect to the group of 
regular point transformations of the plane. Absolute differ- 
ential invariants are found for all elements except those of 
a limited number of types. These types are specified, and 
criteria of equivalence are given for them. P. Franklin. 


Kasner, Edward and De Cicco, John. The conformal near- 
Moebius transformations. Bull. Amer. Math. Soc. 46, 
784-793 (1940). [MF 2923] 

By near-Moebius transformations the authors mean those 
conformal transformations which take 2 !' circles into 
circles. This is motivated by the fact that, if 3 ' circles go 
into circles, the conformal transformation is a Moebius 
transformation. The authors determine canonical forms for 
all near-Moebius transformations. These forms show that 
all near-Moebius transformations are simple combinations 
of Moebius transformations and one of the three transfor- 
mations e*, log z or 2", and that the two families of circles 
which go into circles are orthogonal pencils. 

P. Franklin (Cambridge, Mass.). 


Narasinga Rao, A. Studies in circle geometry. Math. 

Student 8, 53-72 (1940). [MF 3281] 

The first few paragraphs of this paper contain a survey 
of the geometries of the circle connected with the names of 
Moebius, Laguerre and Lie. The author then reports the 
results of ten papers which he has published since 1936. 
They deal partly with generalizations of certain systems of 
circles, called Miquel-Clifford configurations, and partly 
with Kasner’s “turbine” geometry (a turbine being defined 
as an aggregate of oriented surface elements, whose point- 
locus is a sphere C, and whose plane-locus is a conventric 
sphere c). In the last paper the author studied the topology 
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of the totality of line-elements in the inversive plane. The 
author indicates, in the concluding chapter, directions in 
which the investigations may be carried further. 

E. Helly (Paterson, N. J.). 


Maeda, Jusaku. Geometrical meanings of the inversion 
curvature of a plane curve. Jap. J. Math. 16, 177-232 
(1940). [MF 2598] 

The author determines various sets of circles as loci con- 
nected with sets of loxodromics having at least four- or five- 
point contact with a curve and interprets the inversion 
length and inversion curvature geometrically. The follow- 
ing example seems the most interesting one: An isogonal 
trajectory of the circles through two given points a and b 
is called a loxodromic with the poles a and b. Let a and b 
be the poles of any loxodromic having at least five-point 
contact with a given curve at a point p of the curve. The 
circle through a, b and p and the circle through with re- 
spect to which a and } are mutually inverse determine a 
coaxial system of circles. The circle of this system which is 
orthogonal to the curve in ? is called the normal circle of 
the curve in p. It does not depend upon the choice of the 
loxodromic. If dé is the angle between the normal circles 
of the curve at the points p and p+dp (dp=inversion 
length), then the inversion curvature at p equals (d0/dp)*. 
The results are obtained by elementary computations. 

P. Scherk (New Haven, Conn.). 


Maeda, Jusaku. On the Laguerre-geometry of plane 
curves. Jap. J. Math. 17, 13-25 (1940). [MF 3153] 
The paper derives the well-known representation of 

Laguerre transformations as linear transformations with 

dual numbers. Furthermore the notation with dual numbers 

is used for the exposition of Kubota’s method of determi- 
nation of the fundamental invariants of a plane curve in 

Laguerre geometry. [Cf. Blaschke’s Differentialgeometrie, 

v. 3, §§ 38, 41.] P. Scherk (New Haven, Conn.). 


Maeda, Jusaku. On the theory of curves in Euclidean 
three-space. Sci. Rep. Téhoku Imp. Univ., Ser. 1. 28, 
319-333 (1940). [MF 1710] 

The author computes from the Frenet formulas some loci 
and the natural equations of various curves with given rela- 
tions between their moving Euclidean and affine trihedrals, 
He thus characterizes the curves for which r=const., 
«x*r~!=const., «*r=const., s+b=a(e+c)? (a, b, c=const., 
s=arc length, «=curvature, r=torsion, o=affine arc- 
length). He also computes the natural equations of the 
curves with identically coinciding affine and Euclidean bi- 
normals. P. Scherk (New Haven, Conn.). 


Maeda, Jusaku. On the theory of curves in affine space. 
Sci. Rep. T6hoku Imp. Univ., Ser. 1. 28, 350-369 (1940). 
[MF 1712] 

Let a straight line through a moving point on a curve in 
affine 3-space be fixed affinely to the principal (or Winter- 
nitz-) trihedral. The author gives necessary and sufficient 
conditions that the line describes a developable surface. 
Furthermore, he determines the loci of lines through a fixed 
point of the curve along which the curve is projected into 
a plane curve with given properties. Finally, he discusses 
some properties of the ruled surfaces described by the affine 
principal normals (or binormals) of a curve. 

P. Scherk (New Haven, Conn.). 
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Maeda, Jusaku. On some osculating figures of a plane 
curve, and on sections of a surface by planes passing 
through a fixed tangent. Sci. Rep. Téhoku Imp. Univ., 
Ser. 1. 29, 163-203 (1940). [MF 3175] 

Let the plane curve (M) be generated by a point M, and 
C be its center of curvature. A point P, is characterized as 
follows : Let Z, be a point on the normal to (M) at M such 
that MC: MZ,=n:1. Let (Z,) be the circle with center 
at Z, tangent to (M) at M. The envelope of (Z,) as M 
moves along (M) is (M) and the locus of the point P,. The 
locus of P, as m varies (M fixed) is a nodal circular cubic, 
the nodal tangents being the tangent and normal of (M) 
at M. Curves having various orders of contact with (M) 
are discussed. Among these are rectangular hyperbolas, 
equilateral spirals, hypocycloids, epicycloids, cycloids, trac- 
trices and catenaries each having three-point contact. The 
point P, and circle (Z,) are characterized for particular 
values of nm. For example, the locus of the node of the 
lemniscates of Bernoulli having at least three-point contact 
is the circle (Zs); the locus of the center of rectangular 
hyperbolas having at least three-point contact is (Z_,). 
The point Pi is the focus of the osculating parabola; P_, 
is the center of the osculating equilateral hyperbola; P35). is 
the node of the osculating lemniscate of Bernoulli; and P34 
is the cusp of the osculating cardioid. The last section of the 
paper is devoted to applications to sections of a surface 
through a fixed non-asymptotic tangent, and loci of the 
special points and lines related to the osculating curves 
previously obtained are discussed. A typical theorem is: 
If a given surface is cut by a plane x through a non-asymp- 
totic tangent ¢, the locus of the node of the osculating 
lemniscate of Bernoulli is a circle as x turns around ¢. 
Gaussian coordinates and the methods of functions of a 
complex variable are employed. V. G. Grove. 
Popa, Ilie. Sugli osculanti di una curva. Boll. Un. Mat. 

Ital. (2) 2, 230-233 (1940). [MF 2978] 

Si considera la retta intersezione del piano osculatore in 
un punto P ad una curva sghemba e del piano congiungente 
tre punti della stessa curva; esaminando poi le posizione 
limiti di questa retta secondo il modo di tendere dei tre 
punti a P. Author's summary. 


Tsuboko, Matsuji. On the tangents of the reciprocal de- 
rivative curves in Fy. Proc. Phys.-Math. Soc. Japan (3) 
22, 509-518 (1940). [MF 2695] 

If T, is a curve in a four dimensional projective space E, 
and y is a point of the solid osculating I,, I’, is the reciprocal 
derivative curve of I, if the osculating plane of I, passes 
through x. This paper investigates some properties of I, 
with reference to the ruled hypersurface generated by the 
plane through y and the tangent to I, at x. 

M. S. Knebelman (Pullman, Wash.). 


Lense, J. Determinazione d’una curva nello spazio eucli- 
deo complesso di m dimensioni. Boll. Un. Mat. Ital. (2) 
2, 227-230 (1940). [MF 2977] 

Nuova semplificata dimostrazione del modo d’individuare 

una curva in uno spazio euclideo complesso dato da G. 


Guichard. Author's summary. 
Pinl, M. Zur dualistischen Theorie Kurven. 
Monatsh. Math. Phys. 49, 261-278 (1940). [MF 3091] 


A new theory of the isotropic curves of a Euclidean com- 
plex space R:, whose dimension number is an even integer 
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2n is developed. In particular, a detailed investigation of 
the isotropic curves in R, is made and the equations of all 
such isotropic curves is given explicitly. These equations 
depend upon two arbitrary analytic functions of a complex 
variable and their first derivatives but do not involve any 
integrals. Various applications of these equations follow. 
For example, it is shown that an isotropic curve which is 
in an isotropic R; of R, must be in a completely isotropic 
plane of this R;. The differential invariants of isotropic 
curves in R, are derived and it is proved that two of these 
invariants of the third and fourth order respectively con- 
stitute a complete basis for all the differential invariants. 
Various invariant planes and hyperplanes of an isotropic 
curve of R, are defined. A characterization of those isotropic 
curves one of whose fundamental differential invariants 
vanishes is stated in terms of these invariant planes and 
hyperplanes. A number of applications of this theory to 
minimal surfaces in R, are made. A. Fialkow. 


Blaschke, Wilhelm. Contributi alla geometria projettiva 
complessa. Boll. Un. Mat. Ital. (2) 2, 309-314 (1940). 
[MF 2981] 

Projective geometry in the complex field initiated by 
v. Staudt, Juel and Segre has not progressed in the direction 
of the corresponding differential geometry. The author pro- 
poses some possible lines of such development, limiting 
himself to the plane. Let X represent a three-vector in the 
homogeneous complex point coordinates (x), and U a simi- 
lar vector in line coordinates (u), united position being 
expressed by (UX)=0. Then U and X represent chains of 
lines and of associated points. If X is a function of two 
real parameters \, u, then V(X) is a two dimensional variety 
in the plane. Tangency and condition for three-point con- 
tact are considered, and expressed in invariant form under 
projective transformations. The forms are expressed in 
invariant form, independent of the parameters i, y». A few 
applications of the vector product are made. 

V. Snyder (Ithaca, N. Y.). 


Terracini, Alejandro. The Mehmke-Segre invariant and 
linear systems. An. Soc. Ci. Argentina 129, 97-111 
(1940). (Spanish) [MF 3173] 

The (projective) invariant of Mehmke-Segre is the ratio 
of the curvatures of two co-planar tangent curves at the 
point of tangency [R. Mehmke, Z. Math. Phys. 36, 206- 
213 (1891); C. Segre, Atti Accad. Naz. Lincei. Rend. (5) 6, 
168-175 (1897) ]. A generalization is the density of a corre- 
spondence in the dualistic sense. Given dual codrdinates u; 
as functions of point codrdinates x;, defining a correspond- 
ence, its density is the Jacobian of the u as to the x, divided 
by the sum of the squares of the nonhomogeneous u to the 
(r+1)/2 power in r-space [Terracini, Atti Accad. Sci. 
Torino 71, 310-328 (1936) ]. Given a pair of nets of plane 
curves, the directions at a given point associated with a 
given value of the Mehmke-Segre invariant define an invo- 
lution of order 3. The author sets and solves this problem : 
determine the pairs of nets of conics with a constant 
Mehmke-Segre invariant. The nets of a pair must have the 
same Jacobian and the same Cayleyan. Three such pairs 
(a), (b) exist. I. (a) homaloidal net with three distinct base 
points, (b) net having these base points as vertices of a 
self conjugate triangle. II. (a) homaloidal net, conics touch- 
ing / at L, passing through M, (b) conics touching LM at 
M, having | for common polar. III. (a) homaloidal net, base 


points coincident, (b) homaloidal net, conics osculate a 
different conic. The systems are all self-dual. Besides conics, 
(b) may include other nets, not all algebraic. Finally, nets 
of quadric surfaces are considered briefly. V. Snyder. 


Coolidge, J. L. Analytic systems of central conics in 
space. Trans. Amer. Math. Soc. 48, 359-376 (1940). 
[MF 3161] 

In this paper methods of studying systems of conics in 
space are suggested, and one particular method is given in 
some detail. 

Let the Cartesian coordinates of a point P with respect 
to a given fixed coordinate system be (X', X*, X*) and the 
coordinates of P with respect to a moving system be 
(x?, x?, x*). Let the coordinates of the origin of the moving 
system be (Xo', Xo”, Xo*) referred to the fixed system. The 
positions of P and the moving axes are assumed to be 
functions of a parameter v. Then X*‘=X,'+<a;,x/, wherein 
(a;;) is the orthogonal matrix. The equations of the conic 
are assumed to be x!=a cos u, x?=b sin u, x*=0, wherein 
a, b are functions of v. In this manner the discussion is made 
to depend upon the quantities u, v, a, b, f*=a,0X*/dn, 
= 

In section (1) theorems concerning systems of conics 
tangent to two curves are proved. In particular, a new proof 
is given of the theorem of Blutel : if the conics of a series of 
central conics are not coplanar, but touch two curves, the 
conjugate curves on the surface they generate establish a 
projective correspondence among the conics. Conditions 
that the conics of the system be geodesically parallel and 
that they be lines of curvature are established. In section (2) 
two parameter systems, or congruences of central conics, 
are discussed. This is accomplished by considering the conics 
as determined by two parameters 1%, v2. A special case of a 
theorem of Darboux is proved, namely: each conic of a 
congruence of central conics has normally six focal points. 
It is also established that if a congruence of central conics 
is normal to more than six surfaces, the congruence is 
normal. The semi-axes of a normal congruence of central 
conics are functionally related. In particular, if the conics 
of a normal congruence of central conics have axes of fixed 
length, the locus of their centers is a point, a curve or a 
surface normal at each point to the plane of the corre- 
sponding conic. Conversely, if, in a normal congruence of 
central conics, the locus of the centers is a surface at each 
point normal to the plane of the corresponding conic, or 
is a curve, or is a point, the congruence is generated by 
conics which are immovable in the moving plane. 

V. G. Grove (East Lansing, Mich.). 


Vassell, Annette. A complete characterization of sectional 
families of curves. Amer. J. Math. 62, 813-822 (1940). 
[MF 2882] 

A sectional family of curves in the plane is obtained by 
projecting from a fixed point in space upon a fixed plane 
all the plane sections of an arbitrary surface. Kasner [Bull. 
Amer. Math. Soc. 14, 356 (1908); 36, 51 (1930)] has con- 
sidered the problem of characterizing such a family of ~* 
curves. In this paper six properties are found which are 
necessary and sufficient to characterize a sectional family. 
The results are applied to developable surfaces and to ruled 
surfaces. This leads to a new characterization of asymptotic 
nets on an arbitrary surface and an interpretation of 
Monge’s equation for ruled surfaces. D. J. Struik. 
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Jackson, S. B. The four-vertex theorem for spherical 
curves. Amer. J. Math. 62, 795-812 (1940). [MF 2881] 
This paper contains some analogues on the sphere to 

developments by Graustein connected with the four-vertex 

theorem [Graustein, Trans. Amer. Math. Soc. 41, 9-23 

(1937) ]. P. Scherk (New Haven, Conn.). 


Horninger, Heinz. Uber Fusspunktkurven und -flachen. 
(Ober Fusspunkt- und Gegenpunktflichen II.) Monatsh. 
Math. Phys. 49, 228-246 (1940). [MF 3089] 

This paper studies some kinematical problems in the 
Euclidean E;. Let = be a motionless and S a movable sys- 
tem. In S there is given a rectangular trihedron with edges 
e, f, g and vertex P. It is assumed that throughout the move- 
ment ¢ contains a given point A. After some general con- 
siderations, the author studies the special case where the 
edge g is the generatrix of a given fixed ruled surface F. 
A geometrical configuration connected with this movement 
is defined and its properties are studied. The problem is 
further specialized to the case that F is algebraic; the pedal 
curve generated by P is investigated. The author also 
examines another special case in which P generates a given 
curve and g belongs to a given complex of straight lines. 

G. Fubini (Princeton, N. J.). 


Hamilton, H. J. Notes on curvature of curves and surfaces. 
Amer. Math. Monthly 47, 613-620 (1940). [MF 3262] 
If the plane curve c is sufficiently smooth, P; and P; 

points of c on different sides of the point P of c, and A the 

area bounded by the cord P,P; and the corresponding arc 


of c, the number 12A /PP: will tend to the curvature of c 
at P as P; and P; approach P. This limit may exist even 
if the curvature does not exist in the usual sense, and may 
therefore serve as a generalized curvature. In case the Gauss 
curvature of a surface is positive at a point P, it can be 
expressed in a similar fashion. The result obtained in this 
way follows from two formulae given by Blaschke [see 
Vorlesungen iiber Differentialgeometrie I, 2nd ed., pp. 84, 
85, formulas (147) and (148) }. H. Busemann. 


MacQueen, M. L. The axis quadrics at a point of a sur- 
face. Amer. J. Math. 63, 112-118 (1941). [MF 3634] 
Let there be given on a surface S in S; a conjugate net N. 

The line of intersection of the osculating planes of the curves 

of the net at a point P of S is called the axis of N at P. 

The limit of the quadric determined by the axis at P and 

at two other points on one of the curves of the net through 

P as these latter points independently approach P along 

the curve is called by the author an axis quadric. Therefore 

with the point P and a given conjugate net there is asso- 
ciated a unique pair of axis quadrics. After deriving the 
equations of these quadrics referred to a convenient coordi- 
nate system, several properties of the quadrics are found. 

Among these properties may be mentioned the following : 

The quadrics have, of course, the axis at P in common. 

The projection of the residual cubic curve of intersection 

from P is a cubic cone with a pair of nodal tangent planes 

through the axis. These nodal tangent planes intersect the 

tangent plane to S at P in the tangents to the curves on S 

corresponding to the developables of the axes congruence. 

The residual cubic intersects the axis P and also in the focal 

points of the axis. The tangent plane at the focal point on 

the tangent at P to one of the curves of N through P to the 
axis quadric associated with that curve is the plane which 
corresponds to that focal point in the null-system estab- 
lished by the osculating linear complex of that curve. 
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Finally there is given a geometrical characterization of an 
harmonic conjugate net. The polar plane of the focal point 
on the tangent to one of the curves of a conjugate net with 
respect to the axis quadric associated with the other curve 
of the net passes through the harmonic conjugate of x with 
respect to the focal points on the axis if and only if the 
given conjugate net is harmonic. V. G. Grove. 


MacQueen, M. L. Conjugate nets and associated quad- 
rics. Duke Math. J. 6, 753-767 (1940). [MF 2729] 
The author refers a surface S to a conjugate parametric 

net N,. He denotes by C, and C, the curves through a point 
P on S of a second conjugate net N, distinct from N,. 
Quadrics having second order contact with S at P and 
having third order contact with each or with both of N, 
and N, are discussed. There is a pencil Q, of these latter 
quadrics. In particular any quadric of Montard in the direc- 
tion of a tangent to C, at P has third order contact with 
C, at P. This quadric has third order contact with both C, 
and C, if and only if N, belongs to the Segre-Darboux pencil 
of conjugate nets. The locus of the polar line of the ray of 
N, with respect to the pencil Q, is a quadric cone. Using 
this cone and a covariantly defined cubic curve in the 
tangent plane at P, certain canonical lines are geometrically 
characterized. A pair of osculating quadrics of two ruled 
surfaces associated with the curves of N, and of C, is dis- 
cussed. The curve C, is a union curve of a congruence of 
lines / if the polar lines of / with respect to these quadrics 
coincide. V. G. Grove (East Lansing, Mich.). 


Bachvaloff, S. Quelques remarques sur la méthode 
du triédre mobile. Rec. Math. [Mat. Sbornik] N.S. 
7 (49), 321-326 (1940). (Russian. French summary) 
[MF 2794] 

Any two-parameter infinitesimal displacement of the 
moving trihedral is completely determined by certain in- 
variants. By considering a system of completely integrable 
partial differential equations (a very special system of 
K6nig) the author finds the generality of these invariants. 
There is nothing new in this paper. M.S. Knebelman. 


Roupscheff, I. A. La méthode des variations complexes 
dans la géométrie sphérique cinématique. C. R. (Do- 
klady) Acad. Sci. URSS (N.S.) 26, 323-326 (1940). 
[MF 3556 ] 

In this paper the author employs an analytic method to 
the geometry of a system of geometric figures moving with 
respect to a fixed point. The method employs two spheres 
of equal radii, having a common center, the one located 
with respect to the moving system, the other with respect 
to a fixed system. By stereographic projection to the points 
of each sphere there is associated a complex number. To a 
displacement of the system around the fixed point there is 
associated a transformation z= f({) of the complex numbers 
z, ¢ associated with the points of the spheres. V. G. Grove. 


Schatz, Heinrich. Uber Kreisscharen in der Ebene und 
Kugelscharen im Raum. Monatsh. Math. Phys. 49, 
247-260 (1940). [MF 3090] 

Verfasser betrachtet ebene Kreisscharen bei denen die 
Kreismittelpunkte auf einer gegebenen Kurve liegen ; dann 
konstruiert er die beiden Einhiillenden der Kreisschar und 
die entsprechenden Kriimmungskreise K;, Kz der Ein- 
hiillenden. Der geometrische Ort der Mittelpunkte der 
Kreise die K,, K» gleichzeitig beriihren ist ein Kegelschnitt. 
Ist dieser Kegelschnitt eine Ellipse oder Hyperbel, so nennt 
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der$Verfasser den Kreis dessen Mittelpunkt im Mittel- 
punkt des Kegelschnittes und dessen Radius das arith- 
metische Mittel der Radien der zu Scheiteln des Kegel- 
schnittes gehérenden Kreise ist den “‘Mittenkreis.”” Zu drei 
konsekutiven Kreisen einer ebenen Kreisschar gehéren im 
allgemeinen zwei Kriimmungskreise der Einhiillenden. Alle 
Kreise, welche diese beiden Kreise beriihren, bilden eine 
Ringschar. T. Kubota (Sendai). 

Schatz, Heinrich. Begleitende Zyklide bei Streifen in der 

Bewegungsgeometrie. Jber. Deutsch. Math. Verein. 50, 

7-18 (1940). [MF 2769] 

In zwei Abhandlungen [Abh. Math. Sem. Hansischen 
Univ. 5, 54-84 (1926); Math. Z. 28, 97-106 (1928); auch 
W. Blaschke, Vorlesungen iiber Differentialgeometrie, III, 
S. 295] hat der Verfasser bewiesen dass bei einem Streifen, 
der kein Kriimmungsstreifen ist, im allgemeinen durch vier 
konsekutive Flachenelemente eine Zyklide hindurchgeht. 
Hier ist der Nachweis dieses Satzes in der Bewegungs- 
geometrie im Rs geliefert. Am Schluss wird auf den Zu- 
sammenhang mit den oben zitierten zwei Arbeiten ein- 
gegangen. T. Takasu (Sendai). 


Bagchi, Haridas. A note on cyclides. J. Indian Math. 

Soc. (N.S.) 4, 120-124 (1940). [MF 3274] 

A cyclide is a quartic surface having the circle at infinity 
as a double curve. It can also be generated as the envelope 
of a two-parametric family of spheres, whose centers are on 
a given quartic, called the polar quartic, and which inter- 
sect orthogonally a given sphere, called the sphere of inver- 
sion. Generally there exist five pairs of focal quadrics and 
spheres of inversion which determine the same cyclide. The 
author proves that there is only one focal quadric and one 
sphere of inversion if the cyclide has a center C, and that C 
is the common center of the focal quartic and sphere of 
inversion. Then he investigates loci of points whose polar 
quadrics with respect to a cyclide have special properties. 
The author finds also the partial differential equations of 
the first order for the five systems of »?* spheres which 
have double contact with the cyclide. E. Helly. 


Schapiro, J. L. Sur une propriété caractéristique de la 
métrique des surfaces de rotation. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 28, 23-24 (1940). [MF 3593] 
Let there be given on a surface S a net N of curves com- 

posed of geodesics. Let Xj), \%; be the unit vector fields 

determined by the net. Let P* be the vector of Poisson 
corresponding to the two vectors Aj; and let 9;=Aiji+Aaii- 

Then if P*);=0, the given net is such that the distance 

between any two points on S along the curves of N is inde- 

pendent of the path chosen. If yz‘ is a vector such that 
=1, —1, then it follows that satisfies 
the equation of Killing pw; ;+;,;=0 and hence S admits the 

group of motions. Moreover, the angle between Xj; and X%, 

is a constant along the vector yu‘. In this manner one may 

generate on S, which admits the group of motions, a net 
without detours (=réseau des chemins éqaux= Netz ohne 

Umwege). V. G. Grove (East Lansing, Mich.). 


‘Strubecker, Karl. Komplexe Geometrie und aufrechte 
Ellipsenbewegung. Jber. Deutsch. Math. Verein. 50, 
} 43-58 (1940). [MF 2773] 

Krames, Josef. die durch aufrechte Ellipsenbe- 
wegung erzeugten Regelflichen ©. Jber. Deutsch. 
Math. Verein. 50, 58-65 (1940). [MF 2774] 

Darboux has shown that a three dimensional system can 

be moved so that each of its points describes an ellipse. 
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A special case of these motions, which has been investigated 
by several authors, is obtained in this way: let a system 
move so that one of its straight lines coincides with itself, 
and that one of its points moves on a given plane. Krames 
labeled this kind of motion as “Aufrechte Ellipsenbewe- 
gung” (upright elliptic motion, abbreviated: U.E.M.). In 
the first of the two papers, Strubecker reports and com- 
pletes investigations of Study, Gruenwald and Blaschke 
on close connections between the U.E.M. and the geometry 
of manifolds of two complex or two dual complex variables. 
A dual complex quantity has the form x+ey, x and y being 
real and e®=0. Study investigated in his ‘““Geometrie der 
Dynamen” a mapping of the straight lines of the R; on the 
dual complex plane formed by all points with three homo- 
geneous dual complex coordinates, or on a dual complex 
bundle. He denotes as a “chain” the set of all dual complex 
lines, which are, together with three given lines, in the same 
pencil or in the same cone, and have with the given lines a 
real crossratio. Strubecker proves that these chains corre- 
spond to the ruled surfaces generated by a straight line of 
a system in an U.E.M. A similar connection exists between 
these ruled surfaces, and “chains” in a complex geometry. 
In the second paper, Krames studies these ruled surfaces 
9, generated by an U.E.M. He proves that each surface is 
contained in the “isotropic congruence” formed by all 
straight lines oa a system of confocal quadrics and he 
studies a few properties of these surfaces @.  E. Helly. 


Weitzenbick, R. Zur projektiven Differentialgeometrie 
der Regelflachen im R,. II. Nederl. Akad. Wetensch., 
Proc. 43, 548-556 (1940). [MF 3100] 

The first communication was published in the same Proc. 
43, 440-448 (1940) [cf. these Rev. 2, 17]. In the second 
communication Weitzenbéck investigates linear spaces 
which are associated, in an invariant way, with an arbi- 
trary generatrix A of a ruled surface F in a projective 
4-space. Two generatrices A and A, of the given ruled sur- 
face have a connecting 3-space, whose limit position, if A 
approaches A, defines the tangential space along A. The 
two tangential spaces along A and A, have a plane (a 
2-space) in common, which has a limit position if A ap- 
proaches A;. Weitzenbiéck calls this limit position the 
“attached plane” (Heftebene) uf the generatrix A. Three 
generatrices define one transversal line, whose limit posi- 
tion, when the three generatrices approach A, is called the 
“attached line” (Heftgrade) of A. The attached line of A 
meets A in an “attached point’”’ (Heftpunkt). The set of 
all attached lines of the ruled surface F form the “attached 
ruled surface’ (Heftflache) of F. The author proves that, 
in general, the attached surface of the attached surface 
coincides with F. Weitzenbéck derives the symbolic equa- 
tions of these and several other associated linear spaces 
and analyzes relations between them. Helly. 


Weitzenbick, R. Zur projektiven Differe~ aw trie 
der Regelflachen im R, Nederl. Aku 
Proc. 43, 668-673 (1940). [MF 3105] 

[Cf. the preceding review.] The author w. 3 the 
investigation of the linear spaces associated wi... ..« arbi- 
trary generatrix A of a ruled surface F in 4-space, and the 
study of the related invariants. In an earlier paper [the 
same Proc. 43, 325-333 (1940); these Rev. 1, 270] the 
author has shown how, if four lines are given, a fifth ‘“‘asso- 
ciated” line can be found, and how the limit position of this 
line can be determined if the four given lines are genera- 
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trices of F and approach one of them. In this paper he 
resumes the investigation of this associated line G (“Bei- 
grade”) of the line A, and proves that the line G meets the 
attached plane of A. E. Helly (Paterson, N. J.). 


Weitzenbick, R. Zur projektiven Differentialgeometrie 
der Regelflichen im R,. IV. Nederl. Akad. Wetensch., 
Proc. 43, 797-804 (1940). [MF 3179] 

[Cf£. the preceding review. ] The author presents, in sym- 
bolic form, the simplest differential invariants of a given 
ruled surface F in 4-space. Let the coordinates au of a 
generatrix A of F be functions of a parameter ¢. If ¢ is 
replaced by 7 so that t= ¢(#), then each differential invariant 
of F is multiplied by a factor (¢’(t))*. The exponent p may 
be called ¢’-weight of the invariant. The same invariant is 
multiplied by a factor ° if all coordinates aa(#) are multi- 
plied by the same factor X(é). The exponent ¢@ is called 
d-weight of the invariant. Weitzenbéck proves that the 
simplest differential invariants are an invariant Q with 
weights 9 and 5, and two invariants A and B of ¢’-weight 
20 and d-weight 10. E. Helly (Paterson, N. J.). 


Weitzenbick, R. Zur projektiven Differentialgeometrie 
der Regelflichen im V. Nederi. Akad. Wetensch., 
Proc. 43, 805-814 (1940). [MF 3180] 

[Cf. the preceding review. ] The derivative with respect 
to the parameter ¢ of an invariant or covariant of a ruled 
surface F in 4-space is, as a rule, not invariant. Weitzen- 
béck introduces, in different ways, “covariant derivatives” 
which may replace the ordinary derivatives, and he uses 
these covariant derivatives in order to give an invariant 
expression of a general generatrix of F. He shows that this 
problem is closely connected with the problem of finding a 
fundamental system J, Js, - --, J» of differential invariants, 
so that every other differential invariant of F can be ex- 
pressed by these invariants J, and by their derivatives 
dJ,/dt, dJ,/dt, ---. Weitzenbiéck gives a fundamental sys- 
tem of 7 invariants and shows that the ruled surface is 
determined, except for projective transformations of the 
4-space, when these 7 differential invariants are given as 
functions of the parameter ¢. This system can be reduced 
to five functions if the parameter ¢ and the common factor 
i of the coordinates a% are normed in a certain way. 

E. Helly (Paterson, N. J.). 


Behari, Ram. A theorem on normal rectilinear congru- 
ences. Proc. Indian Acad. Sci., Sect. A. 12, 205-207 
(1940). [MF 2951] 

The author considers a certain family of ruled surfaces 
on a normal rectilinear complex, namely the two ruled sur- 
faces through each line of the complex whose curves of 
striction lie on the middle surface of the complex. [See 
Eisenhart, Differential Geometry, p. 422..] These surfaces 
are called by Eisenhart “ruled mean surfaces.” It is known 
that, if we form the spherical representation of the complex 
on the unit sphere S, then the curves on S corresponding to 
the ruled mean surfaces form an orthogonal system. In the 
present paper, which is actually an abstract of his work, the 
author shows that, if the congruence is normal, the curves 
on S form a system of isometric curves. J. W. Green. 


Dwinger, Ph. Ueber ein System von drei Strahlenkon- 
gruenzen. Nederl. Akad. Wetensch., Proc. 43, 1023- 
1031 (1940). [MF 3534] 

The author replaces the classical notations by Study’s 

dual numbers. Thus a straight line A is detc.mined by a 


dual unitary vector A=a+eé with <*=0 and a*=1; here 
the vector a gives the direction, and the vector @ is the 
momentum of a unitary vector of the line A with respect 
to the origin. If a, @ are functions of two parameters 4, », 
the line A generates a congruence K, the fundamental dual 
differential form of which is 


dA*= (edu?+2fdudv+gdv*) +€(@du?+ 2fdudv+gdv’). 


Now to every line A of K the author makes correspond two 
new straight lines B, C. They are called principal normals 
of K at A (Hauptnormalen, or Kehlspunktnormalen zu den 
Hauptflachen durch den Strahl A). The lines A, B, C are 
the edges of a rectangular trihedral. The lines B, C generate 
two new congruences K’, K”’. The author finds necessary 
and sufficient conditions in order that the relationship 
among these congruences be involutory, that is to say, that 
K and K’ [K and K”’] be congruences of the principal 
normals of the congruence K” [K’]. G. Fubini. 


Schneidt, Max. Von Translationsflichen erzeugte Ribau- 
coursche Strahlensysteme. Monatsh. Math. Phys. 49, 
109-123 (1940). [MF 2991] 

Let F and F, be the focal points of a straight line belong- 
ing to a rectilinear congruence K, and let u, v be the param- 
eters of the developable surfaces of K. The points F and F, 
are functions of u, v and generate the two focal surfaces of 
K; we suppose that 


Edu?+2(EF)' cos edudv+Gdv? 
and 
E,du?+-2(E,F,)' cos edudv+G,dv? 


are the Gaussian linear elements of these surfaces. We can 
suppose that 


are the direction cosines of the straight line FF;. If the 
lines v=const. on S and u=const. on S, are lines of shadow 
(Schattengrenzlinien, according to Blaschke), the unity- 
vector, whose direction cosines are (1/G4)F,, will be a func- 
tion only of v, and the unity-vector (1/E;')F,, will be a 
function only of u. In this case the author says that K is 
a congruence (.S). He determines all these congruences and 
finds that they are closely related to the surfaces of trans- 
lation. He studies the conditions that such a congruence (S) 
is normal, and finds that, in this case, its straight lines are 
normal to a surface whose lines of curvature are plane. He 
generalizes this result to the surfaces which possess only a 
system of plane lines of curvature. G. Fubini. 


Fubini, Guido. On Bianchi’s permutability theorem and 
the theory of W-congruences. Ann. of Math. (2) 41, 
620-638 (1940). [MF 2556] 

This paper concerns itself with a type of transformation 
of surfaces. Two surfaces are said to be congruence-trans- 
forms of each other if they are in one-to-one point corre- 
spondence and are the focal surfaces of the congruence of 
lines joining corresponding points. Let the points x, y gen- 
erate surfaces each of which is a congruence-transform of 
each of three other surfaces generated by points z, #, n. It is 
proved that if one of the six congruences of lines joining 
the corresponding points is a W-congruence, the other five 
are also W-congruences. If, moreover, there exists not only 
surfaces generated by x and y but also «' surfaces which 
are congruence-transforms of the surfaces generated by 
x, y, then all congruences joining corresponding points are 
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W-congruences. This is Bianchi’s permutability theorem. 
Attention is paid to certain converse theorems. For example, 
the paper solves the problem: Under what conditions is it 
possible for two surfaces, each a congruence-transform of a 
surface, to be congruence-transforms of at least two other 
surfaces, and consequently of a «1 of surfaces? The condi- 
tion is given in analytic form. Again ©! congruences are 
said to constitute a pencil if they have a common first focal 
surface, if the corresponding points of the second focal sur- 
face generate a line, and if the tangent planes to the second 
focal surfaces belong to a pencil. It is proved that if one 
congruence of a pencil is a W-congruence, all of the con- 
gruences of the pencil are W-congruences. Two W-congru- 
ences always determine a pencil of congruences. 
V. G. Grove (East Lansing, Mich.). 


Salini, Ugo. Intorno alla superficie 2 di Demoulin. Ann. 
Mat. Pura Appl. (4) 19, 125-140 (1940). [MF 3048] 
Let u, v be the parameters of the lines of curvature of 

a surface S, and let K be the congruence of their normals. 

On ev. ry straight line of K (or on every normal to S) we 

choose a point M, which will generate another surface =. 

Is it possible to choose M in such a way that the net u, v 

on = is a conjugate net with equal invariants? The analo- 

gous problem for non-normal congruences K becomes a 

problem of projective differential geometry. In the first case 

S is a surface 2. Demoulin and Calapso demonstrated that 

these surfaces are Lie-transforms of surfaces R. The met- 

rical problem was studied by Demoulin, the projective prob- 
lem by B. Segre. The author compares various results and 
calculations of Demoulin, B. Segre and Calapso. Finally he 
studies the surfaces S for which the point M (and the 
corresponding net 2) depends on an arbitrary parameter. 
G. Fubini (Princeton, N. J.). 


Cartan, E. Sur une classe de surfaces apparentées aux 
surfaces R et aux surfaces de Jonas. Memorial volume 
dedicated to D. A. Grave [Sbornik posvjaStenii pamjati 
D. A. Grave], Moscow, 1940, pp. 72-78. [MF 3505] 
Let us consider a net (conjugate net) in the usual space. 

This net defines two Laplace equations for the points and 

for the tangent planes, respectively. Their invariants h, k, 

h, & are connected by the equations h=k and h=k, or 

h=k and k=h, or h=hand k=K. In the first case the corre- 

sponding surfaces are the surfaces J of Jonas; in the second 
case these surfaces are R; the third case is new; the author 
calls the corresponding surfaces E. By means of Pfaffian 
forms the author proves that the surfaces J (like the surfaces 

R) also depend on six functions of one parameter, and that 

the surfaces E depend only on five functions of one param- 

eter. The author also gives a method for finding the nets 

J, R, E which can lie on a given surface. 

G. Fubini (Princeton, N. J.). 


Finikoff, S. Réseaux de Rozet. Bull. Acad. Sci. URSS. 
Sér. Math. [Izvestia Akad. Nauk SSSR] 4, 151-180 
(1940). (Russian. French summary) [MF 2734] 
[Review written from summary only. ] If Mi, Mz are the 

focal points of a rectilinear congruence K, and if u, » are its 

developables, the lines u, v on the focal surfaces are conju- 
gate. Therefore M2 can be deduced from M, (and M, from 

M:) by means of Laplace’s transformations. It is well known 

that we can construct a Laplace succession ---, Ms, Ms, 

Mi, Mz, Me, such that every point M can be de- 

duced from the preceding (and from the following) by means 

of a Laplace transformation related to the parameters 4, v. 


The congruence K is called a Rozet’s congruence in the 
direction M,M; if the points M,, M3, Ms, M, belong to the 
same plane. The author proves that these congruences de- 
pend on one function of two variables, and that a Rozet's 
congruence is W if and only if it belongs to a linear complex. 
He studies also many other particular congruences: the 
congruences K such that the congruence generated by the 
lines M,M; is W, the congruences K which are Rozet’s 
congruences in both directions M,M, and M;M,, the con- 
gruences K such that the corresponding congruence gener- 
ated by tie lines M2M, is also a Rozet’s congruence, and 
so on. G. Fubini (Princeton, N. J.). 


Dubnov, J. et Fuchs, S. Sur quelques réseaux de l’espace 
analogues au réseau de Tchebychev. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 28, 102-105 (1940). [MF 3597] 
By a net in the Euclidean E; is meant a system of three 

congruences K; of curves C; (¢=1, 2, 3). Through any point 

A there pass three curves C;, and it is supposed that their 

tangents are not coplanar. The system is called holonomic 

if there exist three systems 2; of 1 surfaces S; such that 

each K; is generated by the intersections of a surface S; 

with a surface S;. These intersections are therefore the 

curves C;. The net is called strongly parallel if the directions 
of the curves C; along any curve C; are parallel ; in a similar 
way the authors define the weakly parallel nets; they also 
define some nets which are the generalization of Tscheby- 
cheff’s nets. They find the necessary and sufficient condi- 
tions in order that a given net belongs to one of the pre- 
ceding classes of nets. Among the theorems we mention: 
Every strongly parallel net is holonomic (but not con- 
versely). G. Fubini (Princeton, N. J.). 


Weise, Karl Heinrich. Invariante Charakterisierung von 
Kurvennetzen. Math. Z. 46, 665-691 (1940). [MF 3375] 
This paper studies properties of a net defined by 


(1) =0, | Gas | #0, 


in a Riemannian space of two dimensions with ds* = g.sdu*du*. 
To every root \ of the characteristic equation | gas—Agas| =0 
there corresponds a vector v with covariant components v4 
satist ing 

1 
(2) Bap — 


One has 40 since | ¢as| 0. If we multiply (2) by an 
arbitrary factor, the v, do not change. The vector v defines 
the net; and conversely the net determines the vectors » 
and w corresponding to the two characteristic roots \ and yz. 
Disregarding the trivial case A=, the author finds the 
components w, of w as linear combinations of the », and 
conversely. He also finds the unitary vectors tangent to the 
curves of the net as (very simple) linear combinations of 
the vectors v, w. In order to study the net it is sufficient to 
study one of the vectors v, w; therefore one studies the 
covariant derivatives v,,, of the v., writing them as linear 
combinations either of v., We, or of 2%, %2. By means of these 
equations one arrives at the “geodetic curvature” and at 
the ‘““Tschebycheff-curvature” of the curves of the net. The 
integrability conditions lead the author to some geometrical 
results. Using the well-known transformation of curvilinear 
integrals into surface integrals, the author finds many gen- 
eralizations of the classical theorem for the integral of the 
geodetic curvature of a closed curve, and other analogous 
theorems. Finally he investigates many special cases. 

G. Fubini (Princeton, N. J.). 
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Kénig, Robert und Weise, Karl Heinrich. Zur konformen 
Abbildung zweier Flachen mit beliebigen Parametern. 
Ber. Verh. Sachs. Akad. Wiss. Leipzig 92, 19-32 (1940). 
[MF 3487] 

The determination of differential conditions under which 
the mapping of one surface upon another is conform2!, when 
both are given in terms of the same pair of parameters 
(u', u*), is a classical result of Gauss. The authors investi- 
gate the conditions of conformality in the more general 
case when the surfaces are given in terms of arbitrary 
parameters (u', u*) and (v', v?) between which a differential 
mapping v*=v*(u', u*), a=1, 2, is given. The conditions are 
given in tensorial form, showing their invariance under 
transformations of parameters; they naturally include as 
special cases the Beltrami and Cauchy-Riemann equations. 
Analogous to the Laplace equation, which is an integra- 
bility condition for the Cauchy-Riemann equations, an 
integrability equation is established for the general case. 
This latter equation is shown to be the Euler equation for 
a variation problem which might be considered to be a 
generalization of the Dirichlet problem. 

E. F. Beckenbach (Ann Arbor, Mich.). 


Weise, Karl Heinrich. Bemerkung zur Abbildung zweier 
Flaichen. Ber. Verh. Sachs. Akad. Wiss. Leipzig 92, 45- 
50 (1940). [MF 3489] 

In continuation of the work of the preceding paper, the 
author, no longer assuming conformality, determines the 
Tissot indicatrix for the map in the general case. This gives 
a description of the map deformation in the small. Con- 
formality is treated as a special case, with results consistent 
with those of the preceding paper. E. F. Beckenbach. 


Ermolaev, L. Image projective d’une surface. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 26, 735-737 (1940). 
[MF 3574] 

Let two surfaces S and = be in one-to-one point corre- 
spondence, the point My, on S and the point M; on = corre- 
sponding. Suppose that neither S nor = is a focal surface of 
the congruence of lines MyM;. Let Mi, M2 be two points 
on the intersection of the tangent planes to S and = at My 
and Ms;, respectively. The coordinates of M; satisfy differ- 
ential equations of the form 


Mi, 
wherein 

da;* 
=a;*bj 
These equations are simplified by choosing the asymptotic 
curves on S as parametric and by choosing M;, M: on these 
asymptotic tangents. Consider a line / in the pencil of tan- 
gent lines at M, to S. To this line there corresponds a 
tangent \ to = at M; in the point correspondence between 
these surfaces. Let \ intersect M,M; in P. Designate by I’ 
the line M,P. The pencil of lines / and the pencil I’ are 
projectively related. The author calls this projectivity ‘‘the 
projective point-image of 2 on S.” 

If du : dv is the direction of | and éu : dv the direction of 

l’, then du, dv, 5u, dv satisfy the equation 


(P) a*dubu+ — a3'dudv — b;'dviv =0. 


By dual considerations another projectivity may be estab- 
lished among the tangent lines to S at Mp. This projec- 
tivity is called “the projective tangential image of = on S,” 


and is given by 

(T) a;"dubu + b,°dviu — a,°dudv — b,°dviv = 0. 

Using (P) and (T) it is shown that the asymptotic curves 
on S and = correspond in the point correspondence between 
them if and only if the line /’ which corresponds to du : dy 
in (P) and the line /” which corresponds to —du : dv in (T) 
separate the asymptotic tangents at M, harmonically. In 
case the asymptotic tangents to S at M, correspond in (P), 
(P) is an involution and the double lines of (P) separate 
the asymptotic tangents harmonically. The special case in 
which = is the envelope of the quadric of Lie of S is con- 


sidered, and a new characterization of the directrices of 
Wilczynski is given. V.G. Grove (East Lansing, Mich.). 


Ermolaev, L. Quelques classes de correspondances ponc- 
tuelles de surfaces, déterminées par les images pro- 
jectives. C. R. (Doklady) Acad. Sci. URSS (N.S.) 27, 
422-424 (1940). [MF 3217] 

The author continues the discussion of the projectivities 
(P) and (T) in the paper reviewed above. The lines /’ and 1” 
which correspond to the same line / in (P) and (T) generate 
projectively related pencils of lines. This projectivity is 
never an involution. The double lines of this projectivity 
are tangent to the curves of a conjugate net. A conjugate 
net is called a net of Peterson if the net which corresponds 
to it is also a conjugate net. It is shown that if the double 
lines of (P) are the tangents to the curves of the net of 
Peterson, then the double lines of (T) are the tangents to 
the curves of the same net. Conversely if the double lines of 
(P) and (T) coincide and if the curves to which they are 
tangent form a conjugate net, this net is a net of Peterson 
and S and & are in the relation of a fundamental trans- 
formation F of Eisenhart. V. G. Grove. 


Efimoff, N. Déformation du voisinage d’un point para- 
bolique d’une surface. C. R. (Doklady) Acad. Sci. 
URSS (N.S.) 26, 134-136 (1940). [MF 3547] 

Let there be given the equation of a surface U in the form 


Let O(0, 0) be a parabolic point on U with not all a, b, ¢ 
zero. Let S(u, v) be a manifold of two dimensions with the 
metric ds? = Edu?+-2 Fdudv+-Gdv*, wherein E, F, G are regu- 
lar at O(0, 0). Let K(u, v) be the Gaussian curvature of S 
and K(0, 0)=0, but K(u, v) 40. The metric on S is said to 
be singular if among the geodesics on S through O there 
exist two along which K(u, v)=0, dK =0. It is proved that 
in a regular deformation of U with a determinate index at 
its parabolic point [cf. N. Efimoff, Rec. Math. [Mat. 
Sbornik ] N.S. 6 (48), 427-474 (1939) ; these Rev. 2, 19] the 
value of the index is invariant under the deformation. And 
if the metric of S is not singular, then all surfaces U appli- 
cable to S and with determinate indices at O have the same 
index at O. V. G. Grove (East Lansing, Mich.). 


Efimoff, N. Démonstration de l’existence d’une surface 
localement non déformable. C.R. (Doklady) Acad. Sci. 
URSS (N.S.) 27, 314-317 (1940). [MF 3244] 

This note concerns itself with establishing criteria that a 
surface be non-deformable in the neighborhood of a para- 
bolic point of order p2=3. Let the equation of the surface 
be written in the form 


y)+ y), m=4, 
wherein F‘(x, y) are homogeneous polynomials of degree 4 
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and where in particular 


Let 

Let N(F") be the maximum value of J such that 


F.®,, —2F.,8.,+ =0 
implies that 6=0 for n=m+1, m+2, ---, m+l. Let A 
represent the matrix 


2 
G2 Om 


Then, if (1) the real factors of F(x, y) have multiplicity 
no greater than m—2; (2) F™(x, y), F™**(x, y) do not possess 
common multiple real linear factors; (3) N(F")=@ ; and 
(4) A is of rank 3, the given surface is non-deformable in 
the neighborhood of the parabolic point. In particular the 
surface z=x*y*+<x!°+-y" satisfies the conditions of the the- 
orem in the neighborhood of the origin. V. G. Grove. 


Coburn, N. Acharacterization of Schouten’s and Haydens’ 
deformation methods. J. London Math. Soc. 15, 123- 
136 (1940). [MF 2522] 

This paper is an interpretation of the method of absolute 
variation [see, e.g., Schouten-Struik, Einfiihrung in die 
neueren Methoden der Differentialgeometrie, vol. I, p. 149] 
and that of direction deformation [H. A. Hayden, Proc. 
London Math. Soc. (2) 37, 416-440 (1934); see also P. 
Dienes-E. T. Davies, J. Math. Pures Appl. (9) 16, 111-150 
(1937) ]. It is shown that Schouten’s deformation of affinors 
is completely determined by the fact that the coordinate 
differential vectors in L, and the unit affines of L, are 
deformed by parallelism in the local affine space E,; Hay- 
den’s deformation by the fact that the measure vectors of 
L, are deformed by parallelism in L,, and the vectors of 
L, (in L» coordinates) and the unit affinor of L, are de- 
formed by parallelism in the E,. Here X,, is a submanifold 
of the manifold L, with general linear connection. The paper 
concludes by studying the relation to a variation problem 
of W. Slebodzinski [Prace Mat.-Fiz. 39, 55-62 (1932) ]. 

D. J. Struik (Cambridge, Mass.). 


Wagner, V. Differential geometry of non-linear non-holo- 
nomic manifolds in the three-dimensional Euclidean 
space. Rec. Math. [Mat. Sbornik] N.S. 8 (50), 3-39 
(1940). (English. Russian summary) [MF 3186] 
The present paper is a specialization of a previous one, 

“A generalization of non-holonomic manifolds in Finslerian 

space” [Abh. Tschernyschewsky Univ. Saratow. Serie Phys.- 

Math. Forschungsinstituts 1 (14), no. 2, 67-97 (1938) ], to 

the case where the ambient is Euclidean 3-space. The de- 

velopment is independent of the previous paper and facili- 
tates geometric interpretation. It is connected with the 
geometrization of the theory of the Monge equation first 
considered by Lie and recently developed by D. Sinstow 

[1937]. Classical vector notation is used throughout. 

The general non-linear, non-holonomic manifold Cj in 
Euclidean 3-space consists of a field of conical pencils of 
directions. These form a 4-space X,4 with coordinates 
(x,y, z, u), where u is the parameter generating the cone at 
(x,y,z). In X,4 exist curves, surfaces and hypersurfaces 
corresponding to curves and surfaces in C3 whose tangential 
elements belong to the field of cones. They will be integral 
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varieties of certain Pfaffian systems in X,. The field of cones 
permits a definition of parallelism in C3 which leads to other 
differential-geometric notions : lines of curvature, geodesics, 
geodesic surfaces, etc., which in turn correspond to special- 
ized Pfaffians in X,. The main results of the paper rest upon 
this interplay between Pfaffians in X, and geometry in C3. 
J. L. Vanderslice (Bethlehem, Pa.). 


Haimovici, Mendel. Sur la définition intrinséque d’un 
élément plan normal 4 une variété non holonome. C. R. 
Acad. Sci. Paris 210, 595-596 (1940). [MF 3032] 

An application of a general method due to Cartan [Ann. 
Ecole Norm. (3) 25, 57-73 (1908)] permits the author to 
consider non-holonomic varieties in a Riemann space from 
a new intrinsic point of view and to formulate a definition 
of the normal flat to the variety. A. Fialkow. 


Rosenson, N. Sur les espaces riemanniens de classe I. 
Bull. Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk 
SSSR _] 4, 181-192 (1940). (Russian. French summary) 
[MF 2735] 

A Riemannian manifold of 2 dimensions V, is said 
to be of class 1 if its fundamental form ds*=gasdx*dx*, 
a, B=1,---,m, can be written in the form ds*= > (dy')?, 
i=1,2,---,m+1. A necessary condition for the V, is de- 
rived in the case of even m and of odd n. In the case of 
even n this condition is 

(n) 


(n) 78 Wi 73 
Was 


where 


(s) (s) 
Wi= Was 


(8) 


Was =2 


s=2,3,---+,n, 


(2-2) 


(s-1) 7 (8-2) 


bi=(—1)*d products of i factors Qua; Qas is the second 
fundamental tensor of the V,, referred to principal axes 
and related to R:g” by means of the Gauss equations 
= The tensor is of degree n/2 
in the curvature tensor R33”. For the odd case a similar 
formula is derived, now with a tensor of degree nm in R:j”. 
Reference is made to papers by K. H. Weise [Math. Ann. 
110, 522-570 (1935) ] and T. Y. Thomas [Acta Math. 67, 
169-211 (1936) }. D. J. Struik (Cambridge, Mass.). 


Usunoff, Nicolas. Uber das vierdimensionale Problem der 
Riccikurven im Riemannschen Raum. Monatsh. Math. 
Phys. 49, 124-152 (1940). [MF 2992] 

Consider a four-dimensional Riemannian space R, with 
coordinate system (i,7=1, ---,4). When functions gq,’ 
(a, 8=1, ---, 4) of position are given, the differential equa- 
tions 

dex +++ =dx*/qa! 

define a system of four congruences. It is assumed that the 

gai are such that they determine a 4-tuple of orthogonal 

vectors at any point of R, and hence the system of con- 
gruences are mutually orthogonal. An equivalent scheme 
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for determining the same system of mutually orthogonal 
congruences is given by means of the vectors ga’=)qga‘ (not 


summed on a). If this system of congruences lies in the 
principal directions of some Ricci tensor associated with a 
Riemannian space R,, then the congruences are said to be 
Ricci curves of Ry. The author’s problem is: given a Rie- 
mannian space R, and a system of mutually orthogonal 
congruences ga’, what conditions must be satisfied by multi- 
pliers \ in order that the vectors g./ of R, form Ricci curves? 


Using Cartan’s symbols, the author finds that the \ must 


satisfy a complicated system of second order partial differ- 
ential equations [equation 33]. The coefficients in this sys- 
tem are the non-holonomic geometric objects Ch of Ry 
which are related to the Ch of Rs [equation 32]. To sim- 
plify the calculations, the author restricts himself to a study 
of the case where the Ricci curves are geodesics of R, 
(Ci,.=0). In this case, by studying the integrability condi- 
tions due to the additional assumption and classifying the 
C%, the 4 [equation 33] are shown to satisfy systems of 


first order differential equations. Reviewer's note : The paper 
is difficult to read because of ambiguity in notation. The 
proof on page 131 is wrong although the final result is 
correct. N. Coburn (Austin, Tex.). 


Lusternik, L. Les géodésiques fermées sur les multi- 
plicités sphériques 4 plusieurs dimensions. C. R. (Do- 
klady) Acad. Sci. URSS (N.S.) 26, 320-322 (1940). 
[MF 3555] 

The author sketches a proof that any Riemannian mani- 
fold which is the analytic homeomorph of an n-sphere has 
on it either (2n—1) closed geodesics of different lengths or 
a family of such geodesics which is of the power of the 
continuum. The discussion is restricted to the case n=3. 
If S; denotes the unit sphere }>x,;7=1 in E,, it is indicated 
how the space A, of circles on 5S; contains classes A; of 
cycles of various dimensions less than 7 which are not 
homologous to zero. If the circles on S; are deformed con- 
tinuously such that the lengths of the corresponding curves 
on the Riemannian manifold M vary continuously, the class 
A; deforms into a family B; of closed curves; let C; denote 
the inferior limit for the totality of deformations of the 
maximum of the lengths of the curves of M corresponding 
to those of B;. The non-vanishing constants C; are 5 in 
number and to each there corresponds a closed geodesic of 
length C;. Thus if C;~C;, i#j, there exist five closed geo- 
desics of different lengths. It is shown that if two of the C; 
are equal, there exists a family of closed geodesics of the 
power of the continuum. As the author states, Morse [The 
Calculus of Variations in the Large, New York, 1934] has 
proved the existence of m(m+1)/2 closed geodesics in the 
case under consideration. Under certain conditions stated 
by Morse, no one of the closed geodesics is a covering of 
any other. That hypothesis implies the same result for the 
(2n—1) geodesics of the present paper. G. A. Hedlund. 


Wong, Yung-Chow. On a certain matrix occurring in the 
theory of helices. J. London Math. Soc. 15, 168-172 
(1940). [MF 3134] 

This matrix, of rank k, is 
M=||Dj+, ---, 

where j* is a unit vector defined along the curve {= £*(s) 

in a Riemannian V,, D=7V,, D® =DD, etc., and #*=dé/ds. 

The curvatures Km, ***, « are constant, the other « are 

‘ 


zero, h=n. Then the rank k is either equal to h or equal to 

h—1. Both cases are analyzed. Reference is made to work 

by J. H. Butchart [Amer. J. Math. 55, 126-130 (1933) ]. 
D. J. Struik (Cambridge, Mass.). 


Wong, Yung-Chow. On the principal directions of a tensor. 
J. London Math. Soc. 15, 172-183 (1940). [MF 3135] 
Given a symmetric tensor 6, in a Riemannian V, with 

its set of m mutually orthogonal real principal R., a=n,, 

>n.=n, none of which is tangent to the null cone of V,,. 

It is shown that the smallest number of principal directions 

of ba, on which the direction of a given vector is linearly 

dependent, is equal to the rank of certain matrices formed 
with the aid of the tensors 


be =, ben =d,, (fundamental tensor). 


This leads to a comparison of the principal directions of 
these tensors and to conditions for the coincidence of the 
principal curvature directions and the Ricci directions of a 
proper V,_; in an S, of constant curvature, connected with 
results of A. Fialkow [Ann. of Math. (2) 39, 762-786 
(1938) ]. D. J. Struik (Cambridge, Mass.). 


Cisotti, Umberto. Una notevole scomposizione dei tensori. 
Boll. Un. Mat. Ital. (2) 2, 210-215 (1940). [MF 2974] 
A tensor of valence m, of ordinary Euclidean space, can 

be decomposed, for m even, into an isotropic tensor and 

another tensor with zero linear invariant, and for n odd 
into a semi-isotropic tensor and another tensor with zero 
linear semi-invariant. The isotropic or semi-isotropic tensor 
is in both cases of minimal “deviation.” Reference is made 

to papers by Biggiogero [Atti Accad. Naz. Lincei. Rend. (6) 

17, 611-616 (1933) ] and Oberti [Ist. Lombardo, Rend. (2) 

69, 397-402 (1936) ]. As example we take 


3 
i=l i=1 


Tint = Be t+T =0, B=T i239. 
D. J. Struik (Cambridge, Mass.). 


Urabe, Minoru. Geometry of parallel displacement making 
a volume invariant. J. Sci. Hirosima Univ. Ser. A. 10, 
95-108 (1940). [MF 3055] 

Let X, be an n-dimensional space on whose points are 
defined, independently of each other, a Riemannian metric 
tensor g,, and arbitrary coefficients of connection Ij,. Gen- 
eral spaces like X, and the displacement of vectors in them 
have previously been studied by J. A. Schouten [Der Ricci- 
Kalkiil, 1924, pp. 62-75, 89-90]. In this paper the author 
defines a scalar V which is analogous to, but not identical 
with, the volume spanned by m (m=n) vectors in X,,. It is 
shown that the necessary and sufficient condition that V 
be invariant under the parallel displacement defined by the 
Ty, is that the TX, have a particular form which is found 
explicitly. Various special cases are discussed. 

A. Fialkow (Brooklyn, N. Y.). 


Coburn, N. A note on conformal geometry. Proc. Nat. 

Acad. Sci. U. S. A. 27, 57-60 (1941). [MF 3653] 

The well-known equations for the transformation of the 
components of the affine connections of two conformally 
equivalent Riemannian spaces are written down and the 
question is raised as to whether these equations are suffi- 
cient for the conformal equivalence of two Riemannian 
spaces. The conclusion is reached that the equations in 
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question together with a condition on the principal direc- 
tions in the spaces are sufficient for conformal equivalence. 
T. Y. Thomas (Los Angeles, Calif.). 


Yano, Kentaro. Concircular geometry. I. Concircular 
transformations. Proc. Imp. Acad: Tokyo 16, 195-200 
(1940). [MF 2956] 

A concircular transformation is defined by the author as 

a conformal transformation of a Riemann space V, which 

changes every geodesic circle of V, into a geodesic circle. 

(Here “geodesic circle’ means a curve in V, whose first 

curvature is constant and whose second curvature is identi- 

cally zero.) In this sense, the geometry of concircular trans- 
formations (concircular geometry) is a generalization of 
inversive geometry. A discussion of the differential equa- 
tions and existence questions of concircular geometry ap- 

pears in the papers of H. W. Brinkmann [Math. Ann. 94, 

119-145 (1925)] and the reviewer [Trans. Amer. Math. 

Soc. 45, 443-473 (1939) ]. By a straightforward calculation, 

the author shows that the tensors 


B28) 
(R/n) 

are invariant under concircular transformations, where the 
6 are the Kronecker deltas and gi;, Rig are the metric 
tensor and Riemann curvature tensor of V,, respectively, 
and Ri;j=Rin, R=Rigi. By means of these concircular 
tensors, it is shown that (1) a space of constant curvature 
or (2) an Einstein space is transformed into (1) a space of 
constant curvature or (2) an Einstein space, respectively, 
by a concircular transformation. These theorems as well as 
their converses are also proved in the course of a forth- 
coming paper by the reviewer entitled ‘“The conformal 
theory of curves.” A. Fialkow (Brooklyn, N. Y.). 


and 


Yano, Kentaro. Concircular geometry. II. Integrability 
conditions of p,,=¢g,,. Proc. Imp. Acad. Tokyo 16, 
354-360 (1940). [MF 3477] 

[Continuation of the paper reviewed above. | Let 9i;= gi; 
define a concircular transformation between two Riemann 
spaces. Then it is proved that (1) the hypersurfaces p=con- 
stant are totally umbilical, (2) the orthogonal trajectories 
of these hypersurfaces are geodesics, (3) the orthogonal 
trajectories of these hypersurfaces are tangent to the prin- 
cipal Ricci directions of the Riemann spaces. It is also shown 
that (4) if a Riemann space contains a one parameter family 
of totally umbilical hypersurfaces whose orthogonal trajec- 
tories are geodesic Ricci curves then the Riemann space 
admits a concircular transformation. These theorems are 
related to a number of results in a paper by the reviewer 
[Trans. Amer. Math. Soc. 45, 443-473 (1939) ]. Thus (1) is 
an immediate consequence of Theorem 9.2 and the two 
sentences beginning with equation (8.21) in the reviewer's 
paper. Similarly, (2) is a corollary of Theorem 9.1 and the 
two sentences referred to above. All the theorems stated in 
the present paper may be derived more simply from the 
sentence containing equation (12.10) of the reviewer’s paper 
by a straightforward calculation. A. Fialkow. 


Yano, Kentaro. Sur la connexion de Weyl-Hlavatf et ses 
applications 4 la géométrie conforme. Proc. Phys.-Math. 
Soc. Japan (3) 22, 595-621 (1940). [MF 2937] 
Starting with G;,;, the relative tensor of weight —2/m used 

by T. Y. Thomas in his development of conformal geom- 

etry, the author derives a conformal connection which is a 
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Weyl connection and by an elimination process arrives at 
the conformally invariant Weyl curvature tensor. Using Gi; 
to determine arc length s (relative scalar of weight —1/n), 
he finds invariant equations analogous to the Frenet equa- 
tions which introduce a sequence of conformal curvatures. 
A projective parameter ¢(s), an absolute scalar, is defined 
and used v0 write the formula for the first conformal curva- 
ture vector. The vanishing of this vector characterizes the 
generalized circles. J. L. Vanderslice (Bethlehem, Pa.). 


Yano, Kentaro et Muté, Yosio. Sur la théorie des hyper- 
surfaces dans un espace 4 connexion conforme. Proc. 
Imp. Acad. Tokyo 16, 266-273 (1940). [MF 2944] 
Using polyspherical coordinates in the tangent spaces the 

authors establish a generalized conformal geometry in the 

manner of Cartan and Veblen. They induce a conformal 
connection in a hypersurface by means of a normal hyper- 
sphere at each point and derive the equations of Gauss and 

Codazzi. Several theorems connecting generalized circles, 

umbilical points and autoconcurrent curves are stated and 

left to be proved in a later paper. J. L. Vanderslice. 


Sasaki, Shigeo. Geometry of the conformal connexion. 
Sci. Rep. T6hoku Imp. Univ., Ser. 1. 29, 219-267 (1940). 
[MF 3176] 

This paper deals with the conformal geometry of Rie- 
mann spaces. It is local and exceedingly formal in character. 
According to the author his work is presented from the 
unified standpoint of the theories of E. Cartan and T. Y. 
Thomas. The reviewer fails to see satisfactory evidence of 
such unification. We content ourselves with an enumeration 
of the main headings : I. General considerations, II. Curves 
in C,, III. Fundamental quantities and equations for C,, 
in C,, IV. Geometrical properties of C,_, in C,». In spite of 
the length of the paper the reviewer could find nothing that 
seemed to stand out as a mathematical contribution. 

T. Y. Thomas (Los Angeles, Calif.). 


Sasaki, Shigeo. On a remarkable property of umbilical 
hypersurfaces in the geometry of the normal -onformal 
connexion. Sci. Rep. Téhoku Imp. Univ., Ser. 1. 29, 
412-422 (1940). [MF 3469] 

In the author’s previous study of the hypersurfaces of a 
space with a normal conformal connection [cf. the pre- 
ceding review ], two (induced and intrinsic) conformal con- 
nections for the hypersurface and a relative scalar \ defined 
on the hypersurface play an important role. In the present 
paper, any Riemann space V, is regarded as a space en- 
dowed with a normal conformal connection and those hyper- 
surfaces of V, for which \=0, as well as those for which the 
induced connection and the intrinsic connection coincide 
are investigated. Using the results of his previous paper, the 
author finds (1) necessary and sufiicient conditions that the 
induced and intrinsic conformal connections of a hyper- 
surface V,; of V, shall coincide. A necessary condition is 
that \=0 on V,_,. (2) If A=0 ona V,_, of V,, it is necessary 
and sufficient that V,_; be a totally umbilical hypersurface. 
(3) In any Einstein space, the umbilical hypersurfaces whose 
intrinsic and induced conformal connections coincide are 
also Einstein spaces. (4) In a conformally flat space, the 
induced and intrinsic conformal connections of every um- 
bilical hypersurface coincide. In the present work of the 
reviewer on the conformal differential geometry of the sub- 
spaces of a Riemann space [abstracts in Bull. Amer. Math. 
Soc. 46, no. 11 (1940) and 47, no. 3 (1941) |, a scalar analo- 
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gous to \ is discovered which vanishes on a subspace if and 
only if the subspace is totally umbilical. This is analogous 
to the theorem stated in (2) and indicates that (2) may 
probably be generalized to apply to any subspace of V,. 
A. Fialkow (Brooklyn, N. Y.). 


Muté, Yosio. On some properties of subspaces in a con- 
formally connected manifold. Proc. Phys.-Math. Soc. 
Japan (3) 22, 621-636 (1940). [MF 2938] 

This is a sequel to papers by the author on hypersurfaces 
in conformal space. The treatment of m-spaces in a con- 
formally connected n-space is effected by the use of a family 
of n—m orthogonal hyperspheres at each point of the sub- 
space. This family replaces the normals of Riemannian 
subspace theory. The conformal displacement induced in 
the subspace is defined geometrically and then given ana- 
lytic form. The equations of Gauss and Codazzi are found. 
The autoconcurrent curves of Haimovici are generalized to 
the present case and several theorems given relative to 
autoconcurrent curves, generalized circles and umbilical 


points. J. L. Vanderslice (Bethlehem, Pa.). 


‘ Takasu, Tsurusaburo. Gemeinsame Behandlungsweise 
der elliptischen konformen, hyperbolischen konformen 
und parabolischen konformen Differentialgeometrien. 
Proc. Imp. Acad. Tokyo 16, 333-340 (1940). [MF 3473] 

Takasu, Tsurusaburo. Gemeinsame Behandlungsweise 
der elliptischen Lieschen, hyperbolischen Lieschen und 

 parabolischen Lieschen Differentialgeometrien. Proc. 
Imp. Acad. Tokyo 16, 341-345 (1940). [MF 3474] 

Takasu, Tsurusaburo. Gemeinsame Behandlungsweise 
der elliptischen Laguerreschen, hyperbolischen La- 
guerreschen und parabolischen Laguerreschen Diffe- 
rentialgeometrien. Proc. Imp. Acad. Tokyo 16, 346- 

| 349 (1940). [MF 3475] 

Announcement without proofs of various generalizations 
of Euclidean and non-Euclidean geometries. The announce- 
ments are primarily given in the form of catalogues of 
hypercomplex numbers, groups and fundamental invariants 
associated with such geometries. It is hoped that the founda- 
tions of these geometries will be treated in the projected 
third volume of the author’s “Differentialgeometrien in den 
Kugelraumen” (cf. these Rev. 1, 86]. A. D. Michal. 


Wong, Yung-Chow. On two linear vector spaces associ- 
ated with a vector in an L,. Proc. Edinburgh Math. 
Soc. (2) 6, 172-175 (1940). [MF 2851] 

Let » be a covector field in an affine manifold L,. Then 
the vectors i*, j*, which satisfy the equations i*V..,=0, 
PV n=0, x, A=1, 2, ---, m, span a local E,_, and E,_,, re- 
- ing at every point of the Z,, where r is the rank of 

V2. In a similar way we can define two local spaces 'E,_,’, 
'E,.» for the vector field ‘=o, when o is a scalar and 
r’ is the rank of V,’n. The paper shows that the relation 
between the two pairs of spaces is completely determined 
by the ranks r, r1, r2, rz of the matrices 


V, log a, 


MATHEMATICAL REVIEWS 


Reference is made to L. P. Eisenhart, Non-Riemannian 
Geometry, 1927, pp. 38-43. D. J. Struik. 


Michal, A. D. and Mewborn, A. B. Abstract flat projec- 
tive differential geometry. Acta Math. 72, 259-281 
(1940). [MF 2856] 

This paper gives detailed proofs of the results announced 

in the Proc. Nat. Acad. Sci. U. S. A. 25, 440-443 (1939); 

cf. these Rev. 1, 176. A. Kawaguchi (Sapporo). 


Kosambi, D. D. The concept of isotropy in generalized 
path-spaces. J. Indian Math. Soc. (N.S.) 4, 80-88 
(1940). [MF 2693] 

This note attempts a generalization of the concept of 
isotropy to general path spaces of the second order [see 
Kosambi, Quart. J. Math. 6, 1-12 (1935) for notation and 
terminology ]. Dynamical considerations motivate a defini- 
tion of quasi-isotropy P;‘=4;‘¢—z‘q;, which is shown to 
reduce to ordinary isotropy in the Riemannian and affine 
path cases. For the general case the analogue of the Bianchi 
identities leads to important differential conditions on ¢ 
and q;. Then complete isotropy (locally constant curvature) 
is defined in terms of ¢ and necessary and sufficient condi- 
tions found for isotropy of path spaces admitting a Finsler 
metric. The paper concludes with a discussion of a special 
type of immersion of a path space in a quasi-isotropic space 
with application to Milne’s cosmology. 

J. L. Vanderslice (Bethlehem, Pa.). 


Hokari, Shisanji. Die intrinsike Theorie der Geometrie 
des Systems der partiellen Differentialgleichungen. 
Proc. Imp. Acad. Tokyo 16, 326-332 (1940). [MF 3472] 
By the intrinsic theory of the system 


+H: ( Ox 
u, X,—, ——_ = 0, 
Ou ee 


a=1,+++,k; 


is meant the invariant theory under general transforma- 
tions of coordinates x and parameters u. The author pre- 
viously has developed the case m=3, k>1 [Proc. Imp. 
Acad. Tokyo 16, 104-108 (1940); these Rev. 2, 22]; in the 
present paper he takes m>3. One important restriction is 
made, namely, the existence of an intrinsic nondegenerate 
tensor h,g with respect to parameter transformations. The 
essential point of the paper is the determination of a co- 
variant differentiation process for tensors with both coordi- 
nate and parameter indices, involving as usual two types 
of affine connection Tj, and G%,. The author succeeds in 
finding functions of hag with the proper transformation law 
to serve as G*, and functions of Hi,...«, and G%, to serve as 
Ta. Then he shows that for m= “4, 5a tensor hag can be 
found in terms of Hi,...«,- It is not necessarily nondegener- 
ate, however. id i. Vanderslice (Bethlehem, Pa.). 


Morinaga, Kakutaro. Mathematical foundations of wave 
geometry. I. J. Sci. Hirosima Univ. Ser. A. 10, 215- 
246 (1940). [MF 3385] 

An algebraic generalization of wave geometry is at- 
tempted. The equations =gil, which play 
a fundamental role in wave geometry, are replaced by 
aja; +aj;=pi;M, where a; and M are elements of a set of 
operators and /,; are elements of a field. A. H. Taub. 
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. Kawaguchi, Akitsugu und Hokari, Shisanji. Die Grund- 
legung der Geometrie der fiinfdimensionalen metri- 
schen Réume auf Grund des Begriffs des zwei-dimen- 
sionalen Flaicheninhalts. Proc. Imp. Acad. Tokyo 16, 

Jj 313-319 (1940). [MF 3470] 

Kawaguchi, Akitsugu und Hokari, Shisanji. Die Grund- 
legung der Geometrie der n-dimensionalen metrischen 
Raume auf Grund des Begriffs des K-dimensionalen 
Fidcheninhalts. Proc. Imp. Acad. Tokyo 16, 320-325 
(1940). [MF 3471] 

An integral of the form 


Oxi 
f — --du*® 


is considered over a K-dimensional surface in an n-dimen- 
sional manifold. It is pointed out that the so-called Finsler 
geometry occurs when K=1 and a geometry considered by 
E. Cartan when K =n—1. Kawaguchi and Hokari are con- 
cerned essentially with the case 1<K<n-—1. In the first 
paper, however, the restriction n=5, K =2 is imposed and 
the question of the parallel displacement of a vector is 
discussed. Various formulas connected with this problem 
are derived. 

In the second paper the restriction n=5, K=2 is re- 
moved. The integers » and K are now restricted to be 
relatively prime, the general aim being the same as in their 
previous paper. The paper is quite formal. 

T. Y. Thomas (Los Angeles, Calif.). 
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Sugawara, Masao. A generalization of Poincaré-space. 
Proc. Imp. Acad. Tokyo 16, 373-377 (1940). [MF 3480] 
The set of symmetrical matrices A of dimension n satis- 

fying the relation E—AA>0 is the space A, and A are its 

points (E is the identical matrix, A is the conjugate complex 
of A). The movements of this space are the transformations 
defined by 


W=(U,Z+ Us), 


where the 2n-dimensional matrix U satisfies the equations 
U’JU=J, U'SU=S, with 


OE 


and Ss ( 
The group of these movements can be considered as a group 
of movements in a Finsler space, the linear element ds of 
which is defined as follows: If A and B=A+dA are two 
points of MU, and B is sufficiently near to A, we put 


1+ 
ds=} log —, 
1—p 


where p is the positive quadratic root of the greatest char- 
acteristic value of dA(E—AA)—dA(E—AA)-. The author 
also defines the distance in the large and proves the validity 
of the triangular inequality. G. Fubini. 


MECHANICS 


von Kaérm4n, Theodore. The engineer grapples with non- 

linear problems. Bull. Amer. Math. Soc. 46, 615-683 

(1940). [MF 2658] 

von K4rm4n appeals to pure mathematicians for coopera- 
tion with engineers who are struggling with a great variety 
of mathematical problems. He summarizes the intention of 
his Gibbs lecture as follows: ‘An attempt is made to show 
the application of analytical methods available for the solu- 
tion of certain nonlinear problems in which the engineer is 
interested. Some gaps are shown and frontiers indicated 
beyond which the safe guidance of the mathematical analy- 
sis is for the time being lacking.”” After contrasting linear 
with nonlinear problems von Karman states : “in most non- 
linear problems physical reasoning is not sufficient or fully 
convincing, so that in these cases the questions of existence 
and uniqueness represent a real challenge to the mathe- 
matician.”” The whole field of nonlinear mathematical engi- 
neering problems is then discussed in a rather detailed 
survey. 

1. Nonlinear vibrations result from differential equations 
of the type: 

= f(x, z), 


where x represents a deflection and w the natural frequency 
of the system. Periodic solutions, corresponding to Poin- 
caré’s limit cycles, represent “‘self-excited’”’ vibrations. In 
some limit cases there are sudden transitions between de- 
flections of opposite sign, “relaxation vibrations’ according 
to van der Pol. If a periodic force is applied to the system, 
the phenomenon of “subharmonic resonance” may result; 
it is important in radio-technique but also occurs in air- 
plane vibrations; it is here treated by a perturbation method 
analogous to a procedure developed by Poincaré for celestial 
mechanics. 


2. Nonlinear differential equations occur in the theory 
of elasticity when deflections are permitted to be large. 
Bending and buckling of thin rods (“‘elastica” problem) and 
plates are discussed. The differential equations for plates, 
derived by von K4rm4n in 1910, are 


CAAw= 2F Wey, 


where E and C are constants. The most interesting phe- 
nomenon is to be found in the case of very thin plates 
(C0). The solutions, which recently have been treated by 
asymptotic integration, will be constants except in narrow 
strips near the boundary where sudden changes occur. For 
curved arches and shells the presence of nonlinear terms 
provides a solution which is attained in reality even before 
the linear theory comes into play; in this case, therefore, 
the linear theory fails entirely to give account of the actual 
situation. A brief review is given of the rather recent general 
theories of nonlinear elasticity due to Murnaghan and Biot. 
Plastic deformations are characterized by quite a different 
type of nonlinear problems, namely, boundary value prob- 
lems for hyperbolic differential equations of the type 


(fez =0. 

3. In the theory of fluid flow a variety of problems occur 
in which the differential equation (the potential equation) 
is linear while the boundary conditions are nonlinear. 
Many problems in this field have been thoroughly treated, 
for example, the flow around obstacles and through nozzles, 
also waves with large amplitudes; many other problems 
remain unsolved, for example, that of heavy jets over spill- 
ways or the meteorological problem of the progressing cold 
front; a main difficulty seems to be the determination of 
the proper singularity of the analytic function which repre- 
sents the flow. 
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4. The flow of viscous fluids is governed by a nonlinear 
differential equation (essentially of the fourth order) for 
which exact solutions are known only in few instances. 
From an engineering point of view the limiting case that 
the viscosity approaches zero is more important; it had 
defied the powers of analysis until it was made accessible 
to methods of asymptotic integration through Prandtl’s 
ingenious boundary layer theory. There remain, however, 
unanswered purely mathematical questions; for example, 
what is the flow pattern around a submerged body? 

5. The interesting feature of the nonlinear differential 
equations of compressible fluids is that they are elliptic or 
hyperbolic depending on whether the velocity is below or 
above that of sound. For both cases some solutions are 
known. For problems, however, where the equation is 
elliptic in one part and hyperbolic in another part (a con- 
dition encountered, for example, with aerial bombs dropped 
from large heights), no methods are as yet available. The 
invention of such methods “would be an achievement both 
from a practical and mathematical point of view.” 

The paper is furnished with a great many instructive 
figures and supplemented by an extensive bibliography. 

K. Friedrichs (New York, N. Y.). 


Hydrodynamics, Aerodynamics 


v. Koppenfels, Werner. Ebene Potentialstrémung lings 
einer glatten Wand mit stiickweise stetiger Kriimmung. 
Luftfahrtforschung 17, 189-195 (1940). [MF 3705] 
The author first shows how a straight line can be trans- 

formed into a curve that is continuous and has a continuous 

slope but a discontinuous curvature at a certain point. Cases 
of infinite curvature are shown, and also cases where the 
curvature is step-wise constant. An example of the latter 
is provided by the transformation 

Z=f(z) = In 

where P(z) is a function that is regular at z=0. This trans- 

forms the axis of reals in the z-plane into a curve in the 

Z-plane that consists of two circular arcs of radii p; and po, 

tangent at Z=0, where 2xb=1—~p;/p2. In order to investi- 

gate the flow near such a singular point, use is made of the 
relation 


=dW/dr—iKW*, 


where 2(Z) is the complex potential, W= | =the magni- 
tude of the velocity, K is the curvature of a streamline, 
and r is the time, so that dW/dr is the rate of change of W 
along the streamline. If Z=f(z) and the flow in the z-plane 
is a stream of velocity Wo parallel to the x-axis, this relation 
reduces to 
=|f'@ | Wo"dW/do -iK 

for y=const., where o is the distance measured along the 
streamline. If this is evaluated for the transformation above, 
it is found that dW/de is logarithmically infinite where K 
is discontinuous. 

The practical importance of the result lies in the fact 
that the calculation of the laminar boundary layer along a 
wall by the usual K4rmd4n-Pohlhausen procedure involves 
the values of the first derivative of the velocity of potential 
flow along the wall. If this derivative becomes infinitely 
great, the calculation breaks down. The author believes that 
in view of the corresponding rapid change of the pressure 
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near the singular point, separation of the boundary layer 
from the surface must be expected. W. R. Sears. 


Mohr, Ernst. Uber die Krifte und Momente, welche 
Singularitéten auf eine stationare Fliissigkeitsstrémung 
tibertragen. J. Reine Angew. Math. 182, 65-104 (1940). 
[MF 2818] 

The paper is concerned with the problem of the deter- 
mination of the forces and couples which the stationary 
flow of an ideal incompressible fluid exerts on rigid bodies 
placed in its path. The author states as his aim the simpli- 
fied derivation of results of M. Lagally [Z. Angew. Math. 
Mech. 2, 409 (1922) ], with the help of results of A. Betz 
[Ing.-Arch. 3, 465 (1922) ]. E. Reissner. 


Dean, W. R. Note on the slow motion of fluid. Proc. 
Cambridge Philos. Soc. 36, 300-313 (1940). [MF 2601] 
In two dimensional slow viscous fluid motion which takes 

account of the inertial terms, the stream function y satisfies 

the differential equation 

(1) ViV V2, 

where y is the kinematic viscosity coefficient and the sub- 

scripts denote partial derivatives. The velocity components 

(u, v) are given by (—y,, ¥.). The author considers the flow 


in the semi-infinite region above the boundary curve de- 
fined by 

(2) x=sin* ¢/2 sec ¢/2, y=cos* ¢/2, 

which has a cusp projection with vertical tangent at ¢=0 
which hinders the flow. The region is conformally mapped 
upon the ¢ plane such that the boundary (2) lies on the 
circle |¢| =1. A modification of the method of Musheli&vili 
is employed to determine a biharmonic function y; for the 
homogeneous case of (1) subject to the vanishing of ¥; and 
its normal derivative on the contour. A closed form of this 
solution is compared to that for motion past a projecting 
bar. By expansion methods involving a parameter «x con- 
taining », a second approximation ~y=y¥1+ «2 of (1) is ob- 
tained in finite form, the constant « tending to zero as the 
limiting case of slow motion. It is found that a shearing 
motion in the negative x direction persists at large distances 
from the cusp boundary and that a closed vortex exists on 
the down stream side of the projection. D. L. Holl. 


Tsien, Hsue-Shen. Two-dimensional subsonic flow of 
compressible fluids. J. Aeronaut. Sci. 6, 399-407 (1939). 
[MF 3279] 

A method of approximation is developed in which the 
actual adiabatic relation between the pressure p and the 
density p is replaced by a relation p;—p=<a;*p,7(p-!—p) 
representing the tangent to the adiabatic in the (p, p~*) 
plane at the point corresponding to the state of the gas in 
the undisturbed rectilinear flow. The corresponding Ber- 
noulli equation is obtained for the velocity and it is shown 
that in this approximate theory the Mach number increases 
as the velocity increases. The method of the hodograph is 
next used and a passage from a solution for incompressible 
flow to one for compressible flow is effected with the aid of 
a transformation. Calculations are made for the case of 
flow over an elliptic cylinder and the results are compared 
with those of Glauert, Prandtl and Kaplan with the aid of 
graphs. Some remarks are made on the results that can be 
obtained with the aid of the lift and drag functions. Some 
difficulties which arise in the treatment of compressible flow 
round a lifting surface are pointed out. H. Bateman. 
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Nomura, Yakiti. The forces on two parallel infinitely long 
plane plates placed in uniform flow. Sci. Rep. Téhoku 
Imp. Univ., Ser. 1. 29, 22-35 (1940). [MF 2676] 

The velocity potential of the flow without circulation is 
expressed as a series of integrals involving Bessel functions. 
This method is similar to that used by the author in solving 
the problem of the flow around two parallel coaxial discs 
[Sci. Rep. T6hoku Imp. Univ., Ser. 1. 28, 304-318 (1940) ; 
these Rev. 1, 284] and requires the value of the following 


J,(8)J,(8) 
f 


However, in the present case, uw,» are positive integers 
whereas, in the case of circular discs, yu, v are halves of odd 
integers. As in the case of discs, the plates experience a 
repulsive force and a moment which tends to make the 
plates perpendicular to the flow at infinity. The numerical 
calculation for the case of two plates with equal width is 
carried out in detail. It shows that with increasing distance 
between the plates, the force decreases more rapidly and 
the couple increases more slowly in the case of plates than 
in the case of discs. H. S. Tsien (Pasadena, Calif.). 


Young, Gale. Some general theorems on the motion of 
incompressible viscous fluids. Bull. Math. Biophys. 2, 
145-155 (1940). [MF 3255] 

In the first part of the paper some general theorems about 
the motion of a single incompressible viscous fluid are re- 
viewed. Most of the discussions are concerned with the 
so-called slow motion in which the effect of second order 
terms in inertia forces are neglected. Theorems on the dissi- 
pation and the uniqueness of solution are the main interest. 
In the second part of the paper, most of the theorems given 
in the first part are extended to the case of several fluids 
moving through each other. Fick’s law, that is, the drag 
force between two fluids is proportional to their relative 
velocities, is generally assumed. It is shown, for example, 
that the slow motion of one or more incompressible fluids is 
uniquely determined by the initial and boundary velocities 
and the equivalence classes of the external force fields (force 
fields whose difference has at each instant a potential). 
It is also shown that, if the sum of external force fields for 
the different fluids is equivalent to zero, the total stress in 
steady state is merely the sum of the stresses of each fluid 
in steady force-free motion in the absence of the other fluids 
and with its own boundary velocities. H. S. Tsien. 


Young, Gale. A generalization of Cunningham’s extension 
of Stoke’s law for the force on a sphere. Bull. Math. 
Biophys. 2, 105-108 (1940). [MF 2703] 

By neglecting the inertia terms in the Navier-Stoke equa- 
tions for the motion of an incompressible viscous fluid, it is 
well known that the solution can be expressed in terms of 
solid harmonics. The author uses this solution to show that 
the total x-force on a sphere depends only on the coefficient 
of x/r* in the expansion of the pressure fluid in solid har- 
monics about the center of the sphere as origin. Similar 
tules hold for the y-force and the z-force. The author then 
shows that, in the case of the flow between two concentric 
spheres, this coefficient, and thus the x-force, can be ex- 
pressed in terms of certain averages of the fluid velocities 
over the surface of these two spheres. This law can be re- 
duced to that of Cunningham [Proc. Roy. Soc. London, 
Ser. A. 83, 357-365 (1910)] or to that of Stoke by special- 
izing the conditions over the spheres. 
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There are few typographical mistakes in Eq. (3) of the 
present paper which can be found by comparing with 
Lamb’s Hydrodynamics [p. 597, 6th ed., Cambridge, 1932]. 

H. S. Tsien (Pasadena, Calif.). 


Nomura, Yakiti. On the wave resistance of a plane plate. 
Sci. Rep. Téhoku Imp. Univ., Ser. 1. 29, 268-286 (1940). 
[MF 3177] 

An infinitely long strip of plate of width 2a moves in an 
infinitely deep stream parallel to the undisturbed free water 
surface with a velocity c. The plate is held perpendicular 
to the direction of motion. The distance between the center 
line of the plate and the undisturbed water surface is f. 
The problem is to find the wave resistance and the moment 
acting on the plate. The author used an iteration method. 
He first ignored the boundary condition at the free surface, 
and found the velocity potential &) for flow around the 
plate. Then a second velocity potential #, is added, which 
does not satisfy the boundary condition at the plate, but 
satisfies the boundary condition at great depth. The poten- 
tial #, is determined by the boundary condition that 
pressure=constant at the free water surface. The well- 
known expedients of neglecting second order quantities of 
disturbance and a small frictional force are used. The 
boundary condition at the surface of plate is then satisfied 
by the addition of a third potential ,, which introduces 
an uncorrected small pressure disturbance at the free water 
surface. The resistance and the moment in the plate are 
calculated by integrating the pressure over the surface of 
the plate. The resistance R is found to agree with H. Lamb’s 
formula R=}pgA?, where A is the amplitude of the regular 
waves in the rear of the plate, p is fluid density and g the 
gravitational acceleration. Numerical results are given for 
various values of f and c/Vgf. 

The second problem of a circular disc of radius a moving 
in the direction of its axis below the water surface is treated 
in a similar way. The resistance is found to agree with the 
calculations of T. H. Havelock [Proc. Roy. Soc. London 
(A) 131, 275-285 (1931) ]. Numerical results are given for 
the case of f=5a. H. S. Tsien (Pasadena, Calif.). 


Ringleb, Friedrich. Exakte Lisungen der Differential- 
gleichungen einer adiabatischen Gasstrémung. Z. An- 
gew. Math. Mech. 20, 185-198 (1940). [MF 3111] 

If w denotes the velocity in two dimensional flow and @ 
its direction, the equations connecting the velocity potential 
® and the stream function ¥ in steady motion may be 
written in the form 


= — po(c?—w*) Vo, pPy = pow », 

and in the adiabatic case the equation for ¥ is 
w?(1— Vuwt+w(1 

where 2c%a=k—1, 2c*8=k—3, 2co*y=k+1. When W de- 
pends only on w a solution is 

where W=(1—aw?*)!. The stream-lines for this type of vor- 
tex motion are drawn by using the relations 

pwx=pC; sin cos 8, pwy=poC: sin @—pwC, cos 8, 
2Q0(W) =log (1+ W) —log (1—W), 

the solution for a source being added. The phenomenon of 


flow shock now appears. Flow round an edge is discussed 
by seeking a solution of type ¥=P(w)Q(6) and figures are 
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drawn to indicate the difference between a compressible 
fluid and an incompressible fluid in this case. A general 
method of integration is sketched and applied to the double 


source. H. Bateman (Pasadena, Calif.). 
Stiimke, H. Rotationssymmetrische Gleichgewichtsstér- 


ungen in einer isothermen Atmosphire nebst einem 

Modellversuch mit rotierender Fliissigkeit. Z. Geophys. 

16, 127-149 (1940). [MF 2765] 

In a paper presented at the International Meteorological 
Conference, Edinburgh, 1936, L. Prandtl represented tenta- 
tively cyclonal and anticyclonal movements by the stream- 
field caused by a negative and a positive “‘source,” respec- 
tively, in an isothermically stratified atmosphere. While 
Prandtl simplified the problem by considering a two dimen- 
sional case, the present study gives the discussion for the 
axial-symmetric case, thus coming somewhat closer to the 
real aerological conditions. The problem leads to a boundary 
value problem of the equation: 

G, 

OX? aZ* XAaX AZ 
X and Z being cylindric coordinates made dimensionless. 
In an appendix the investigation is carried out for the case 
of an incompressible liquid and the results checked by an 
experiment. P. Nemenyi (lowa City, Iowa). 


Gértler, H. Uber den Einfluss der Wandkriimmung auf 
die Entstehung der Turbulenz. Z. Angew. Math. Mech. 
20, 138-147 (1940). [MF 3081] 

A laminar two-dimensional flow along the circumference 
of a circular cylinder of radius R is first assumed. The 
velocity of this flow is U(y), where y is the distance nor- 
mal to the cylindrical surface; U(0)=0, and U(y)=con- 
stant: (R+-y)/R for | y| >5, where 4 is the so-called thickness 
of the boundary layer. The author then superimposes on 
this flow a two-dimensional disturbance given by the stream 
function 

where x is the distance along the circumference of the 

cylindrical surface and ¢ is the time; a is taken to be real. 

The problem is to investigate the stability of this disturb- 

ance by means of hydrodynamical equations, assuming that 

the amplitude of the disturbance is small compared to U(y) 

and only linear terms of y are retained in the equations. 

Given U(y) and a, and the boundary conditions at y=0 

and y=4, the problem reduces to that of finding the eigen- 

value of 8. If the imaginary part of 8 is greater than zero, 
the motion is unstable. The author investigated the case of 
large values of Reynold’s number U(é)é/», where yv is the 
kinematical viscosity. The method used is that of W. Toll- 

mien [Nachr. Ges. Wiss. Gottingen. Fachgruppe 1. (N.F.) 

1, 79-114 (1935) ] who neglected the effect of viscosity 

except at the neighborhood of the point where U(y)=c. 

It is shown that if U’’+-U’/R changes sign during the inter- 

val 0=|+y| Sé there is a value of a>0 which gives unstable 

motion. Therefore a concave surface has stabilizing effect 
and a convex surface has de-stabilizing effect compared with 

a plane surface. H. S. Tsien (Pasadena, Calif.). 


Maue, A. W. Zur Stabilitit der Kaérmdnschen Wirbel- 
strasse. Z. Angew. Math. Mech. 20, 129-137 (1940). 
[MF 3080] 

The author considers the problem of the stability of a 
double row of vortices, which was first treated by von 


K4rma4n [Nachr. Ges. Wiss. Gottingen 12, 509 (1911); 13, 
547 (1912); H. Lamb, Hydrodynamics, 6th ed., Cambridge, 
1932, pp. 225-229]. In the new treatment function-theoreti- 
cal methods are applied, and closed expressions are obtained 
in place of the infinite sums of the earlier works. Arbitrary 
first-order disturbances are assumed, and the following sta- 
bility condition is obtained: 


(1) sinh (hx/l)=sin (dx/I), 


where h is the distance between the rows, / is the spacing 
of the vortices in each row and d is the distance between 
corresponding vortices of the two rows, measured parallel 
to the rows. The cases considered by von Karman were 
d=0 (symmetrical) and d=/1/2 (staggered); he concluded 
that the former is unstable for all finite, non-vanishing 
values of hk and that the latter is stable provided that 
sinh (hx/l)=1. These results are now obtained as special 
cases according to Eq. (1). In von K4rmdn’s case the motion 
of the vortices is parallel to the rows; in all other cases 
represented by Eq. (1) they move in oblique directions, 
assuming the fluid to be at rest at infinity. Such arrange- 
ments may be produced by flow past unsymmetrical or 
inclined bodies, and will be accompanied by “‘lift’’ as well 
as “drag” on the bodies. These force components can be 
calculated by the methods used by von K4rman. 
W. R. Sears (Pasadena, Calif.). 


Konstantinov, V. A. Uber helikoidale Wirbel in An- 
wendung zur aerodynamischen Berechnung der Luft- 
schrauben und Windkraftmaschinen. C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 28, 688-693 (1940). [MF 3614] 
Some general theorems concerning the induced velocities 

due to the trailing helicoidal vortex surface from a propeller 

are obtained by means of the following relations: 


v,(2) = ——— ?, 2), 
ana 


(2) = 2). 


At a distance z from the axis, v,, v, and v, are the induced 
velocities at the blade in the axial direction of the helicoidal 
surface, in the circumferential direction and in the radial 
direction, respectively. R is the radius of the propeller, 
I the circulation around the blade at r, i the number of 
equally spaced blades, and Z7=2/R, f=r/R. The quantities 
X,, Y, and Z,; are the “influence coefficients” calculated by 
infinite integrals extending downstream along the helical 
vortex filaments. It is first shown that v, and v, at the blades 
and halfway between the blades are exactly half of the 
corresponding quantities in a section far downstream. The 
corresponding value of v, in the downstream section is, 
however, zero. 

By direct integration of the sum X,Ao+ ¥i2, where do is 
the actual pitch of the propeller, and an examination on the 
character of flow around the helicoidal vortex surface, the 
author obtains two relations between Ve, Ao, 2 
and the “induction factor” calculated by T. Moriya [J. Fae. 
Engr. Tokyo Imp. Univ. 20, 147 (1933); J. Soc. Aeronaut. 
Sci. Nippon 3, 12 (1936)]. These relations can be used to 
determine the two unknowns }}-1X; and }}.: Y;, and thus 
vz and v, which are needed for aerodynamic calculations of 
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the propeller. Another procedure is suggested by the author : 
Lt-1X: is first calculated. Then by using one of the rela- 
tions just mentioned between and 
can be determined. By a certain transformation of the 
integral for X;, it is found that X; can be expressed as a 
sum of two terms. The first term will give a value of », 
which corresponds to the well-known result obtained by 
assuming i= ©. The second term is thus a correction for 
finite number of blades. This correction term can be calcu- 
lated to the desired accuracy by a series. The paper con- 
cludes with a general discussion on the absolute magnitudes 
of t-1X; and Yt. Y; which for the case i finite are found 
to be always larger than the corresponding quantities for 
the case i= ©. H. S. Tsien (Pasadena, Calif.). 

Schmieden,C. Uber Tragfliigelstrémungen mit Wirbelablé- 

sung. Luftfahrtforschung 17, 37-46 (1940). [MF 3704] 

In the usual theory of two-dimensional airfoils the so- 
called Kutta-Joukowski condition of finite velocity at the 
trailing edge requires (for non-vanishing trailing-edge angles) 
a stagnation point there, and the flow is required to leave 
the trailing edge parallel to the bisector of the trailing-edge 
angle. This is not observed in experiments; instead, the flow 
separates from the upper (suction) side near the trailing 
edge and flows off the lower side tangentially at the edge, 
leaving a vortical “wake.” The author replaces this wake 
by two vortex sheets of equal and opposite constant 
strengths, with stationary fluid between them. One sheet 
leaves the lower surface tangentially at the trailing edge; 
the other leaves the upper surface at a “separation point” 
to be determined. This problem is handled in a manner 
similar to the usual Helmholtz discontinuous potential 
problem, using the transformation ¢=—log g+i0, where 
ge*=dw/dz and w(z) is the complex potential function in 
the airfoil plane. It is shown that for a given profile at a 
given attitude there is a single infinity of solutions with 
various points of separation (including as one limiting case 
the Helmholtz solution) which involve infinitely long wakes. 
Of these there is a unique solution for which the wake 
breadth decreases asymptotically toward zero, giving a 
finite dead-water region. There is also a second infinity of 
solutions in which the wake has a finite length, including as 
a limiting case the ordinary Kutta-Joukowski case. 

The unique case mentioned is treated in detail for a flat- 
plate airfoil and for a family of thin symmetrical profiles. 
By a second transformation the ¢-plane is mapped on a 
t-plane where the airfoil becomes a semi-circular arc and 
the free streamlines become its bounding radii. The force 
on the airfoil is shown to be a pure lift (perpendicular to 
the undisturbed velocity). For a flat plate the lift is smaller 
than the Kutta-Joukowski value; the curve of lift against 
angle is a parabola tangent to the Kutta-Joukowski straight 
line at the origin. The pressure distribution for a flat plate 
at 12° incidence is shown in comparison with the usual dis- 
tribution. The author deduces that his conclusions must 
hold for all reasonably thin profiles, such as are used in 
practice. A method is given by which the separation point 
of the upper vortex sheet might be calculated approximately 
for any given profile. W. R. Sears (Pasadena, Calif.). 


Vandrey,F. Beitrag zur Theorie des Tragfliigels in schwach 
inhomogener Parallelstrémung. Z. Angew. Math. Mech. 
20, 148-152 (1940). [MF 3082] 

It is known that the aerodynamic theory of the aerofoil 
of finite span / in a homogeneous parallel stream of velocity 
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V leads to the problem of determining a potential ¢(x, y) 
regular outside the slit y=0, —1/2<x<I/2, odd in y and 
satisfying along the slit the condition 


L(¢)= 9+0)—6(x, y-0)]=a(x)V. 
y=0 


If V is not uniform but piecewise constant, say V= V,, ina 
region B,, then the problem consists in finding potentials 
¢m satisfying the following conditions: Along the common 
boundary of B,, and By, Vndm= Vobp, = 
and along the part of the slit in B,,, L(¢.) =aV. The author 
shows that, when V,,=(1+€,) V, then in first approximation 
om=(1—en)@ and L(¢)=(1+2¢,,)aV, where now ¢«, may 
be a continuous function of x. This indicates that an aero- 
foil in slightly inhomogeneous parallel flow behaves like an 
aerofoil in homogeneous flow with a slightly changed span- 
wise variation of angle of attack. E. Reissner. 


Achyeser, N. Uber die Konsiruktion des Stromes um 
ein diinnes Profil, Acad. Sci. RSS Ukraine. Rec. 
Trav. [Zbirnik Prace] Inst. Math. 1940, no. 4, 151-156 
(1940). (Ukrainian. Russian and German summaries) 
[MF 3233] 

The force and couple acting on a two-dimensional thin 
airfoil in a steady stream and the velocities at its surface 
are calculated for cases in which the profile deviates slightly 
from a circular arc. The formulae obtained are analogous 
to those given by M. Munk [Rep. 142, U. S. Nat. Advis. 
Comm. for Aero. (1922); also W. F. Durand, Aerodynamic 
Theory, vol. II, § E II, 9, pp. 43-48] for airfoil profiles that 
deviate slightly from a straight line. W. R. Sears. 


Dickmann, H. E. Grundlagen zur Theorie ringfiérmiger 
Tragfliigel (frei umstrémte Diisen). Ing.-Arch. 11, 36- 
52 (1940). [MF 3425] 

The problem treated is that of a ring-shaped wing, or a 
short nozzle of airfoil cross section immersed in a fluid. 
Experience has shown that the effectiveness of a propeller 
is increased if it is placed inside such a ring. The ring is 
assumed to have axial symmetry; it is under the influence 
of a uniform axial flow and a steady interference flow (for 
example, from a propeller) which is axially symmetrical but 
otherwise arbitrary. The ring is replaced by a ring-shaped 
vortex sheet, and the usual approxintions of the thin- 
airfoil theory are made regarding the profile and the con- 
ditions at its trailing edge. The circulation distribution (x) 
over the chord is then given by a nonlinear integral equa- 
tion of the first kind, in which the kernel involves elliptic 
integrals. This kernel is expressed in series form, convergent 
for where 5=4R/l, R=radius of ring, ]=chord length 
of profile. Finally the profile curve y(x) and the interference 
velocities F,(x), F,(x) are expressed in Fourier series, and 
after application of the boundary condition >t the surface 
of the profile a system of linear equations 1» obtained for 
the Fourier constants of y(x). For R-+ the solution ap- 
proaches that for the two-dimensional thin airfoil. For 1-0 
it becomes the case of the vortex ring. The resultant axial 
force on the ring is calculated; it disappears if there is no 
radial interference component F,(x), since the ring produces 
no “trailing vortices.” If F,(x)=const.=¢,, a thrust is pro- 
duced equal to 2xRpIe:,, where [ is the total circulation 
about the profile and p is the fluid density. 

As an example, the case of a cylindrical tube is treated 
in detail. For §=5 it is found that four terms suffice in the 
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Fourier developments. For this case, assuming F,(x) =const., 
(x) and the induced axial velocity c(x) are plotted; I is 
12 percent greater than for a plane airfoil at the same angle 
of attack. Also I is plotted against 6 for 3=5=6. 

W. R. Sears (Pasadena, Calif.). 


von Mises, Richard. Mathematical problems in aviation. 
Amer. Math. Monthly 47, 673-685 (1940). [MF 3645] 
Address delivered at the meeting of the Mathematical 
Association of America on September 9, 1940. 


*Hayes, Thomas J. Exterior Ballistics. A reprint of 
Chapter X, Exterior Ballistics, and Chapter XII, Bombing 
from Airplanes, from Elements of Ordnance. John Wiley 
& Sons, Inc., New York, 1938. 98 pp. $1.00. 


Bucerius, H. Neubegriindung der fusseren Ballistik. 
Astr. Nachr. 270, 66-73 (1940). [MF 2680] 
The trajectory of a projectile is the solution of the differ- 
ential system 


d*x f(r) dx 


with the conditions x=z=0 when t=0, x=X, z=0 when 
t=T. Regarding this as a non-linear boundary value 
problem, the author replaces it by the system of integral 
equations 

cf(v 


s(t) = Gilt, t’) 


in which Green’s function G,(t, f’) is defined by 


cu, 


The solution for the case of no resistance (parabolic path) 
is first obtained. Then the case f(v)=v* is attacked by 
undetermined coefficients [cf. A. Hammerstein, Acta Math. 
54, 117-176 (1930) ] using 
x(t)=t+> a,sin vxt, 2(t)=> c, sin vat 
1 1 

(where units have been changed to make X =T=1). To 
illustrate the procedure the author determines the first two 
or three coefficients by successive approximations (ignoring 
the rest of the series) and applies the method to a typical 
example. The results are admittedly not accurate enough 
for modern ballistic requirements, so that more terms would 
have to be used. The integral equations above are then 
modified so as to apply to bombs dropped from airplanes, 
including the case of dive-bombers. The procedure to be 
followed when f(v) is obtained from tables rather than from 
an analytical expression is not indicated. W.E. Milne. 


Garcia, Godofredo. Differential equations of the move- 
ment of the center of gravity of a projectile in the space, 
taking into account the forces acting on the movement 
around the center of gravity. Deviation of the projec- 
tile. Actas Acad. Ci. Lima 3, 65-69 (1940). (Spanish) 
[MF 3265] 


Theory of Elasticity 


Prager, W. On an analogy between the fundamental 
equations of hydrodynamics and elastostatics. Rev. Fac. 
Sci. Univ. Istanbul (A) 5, 41-43 (1940). (English. 
Turkish summary) [MF 3241] 

The problems in question are the plane irrotational flow 
of an ideal fluid and the plane stress problem. The analogy 
is a purely formal one. The author, on the basis of this 
analogy, is able to give, for example, a definition of con- 
jugate biharmonic functions analogous to the definition of 
conjugate harmonic functions. J. J. Stoker. 


Deuker, Ernst-August. Die Grundgleichungen der klass- 
ischen Elastizitétstheorie in allgemeinen Koordinaten. 
Deutsche Math. 5, 94-107 (1940). [MF 2811] 

A derivation of the fundamental equations of the linear 
theory of elasticity with respect to general curvilinear (not 
necessarily orthogonal) coordinate systems. The notation of 
tensor calculus is used. One interesting novelty is that it 
appears inconvenient to work with the quantities stress 
(force per unit area) and strain (a dimensionless quantity) 
but rather with more general quantities. J. J. Stoker. 


Locatelli, P. Sul principio di Menabrea. Boll. Un. Mat. 

Ital. (2) 2, 342-347 (1940). [MF 2987] 

The principle of Menabrea states that the elastic energy 
of a body in perfect elastic equilibrium is a minimum with 
respect to any possible system of stress-variation compatible 
with the equations of the statics of continua (as well as 
with the boundary conditions). Using the tensors intro- 
duced by Finzi [Atti Accad. Naz. Lincei. Rend. 19, 578 
(1934) ], the author transforms this theorem so that it can 
be stated as a minimum theorem for arbitrary variations. 
The author shows the relation of his theorem with the 6 
compatibility equations of de Saint Venant. 

P. Nemenyi (Iowa City, Iowa). 


Kiltchevsky, N. A. Les équations fondamentales de 
Péquilibre des enveloppes élastiques et quelques mé- 
thodes de leurs intégration. I and II. Acad. Sci. RSS 
Ukraine. Rec. Trav. [Zbirnik Prace] Inst. Math. 1940, 
no. 4, 83-149; no. 5, 73-97 (1940). (Ukrainian. Rus- 
sian and French summaries) [MF 3232, 3751] 

The paper contains a derivation of the basic equations 
of the theory of shells in an invariant form. The stress 
tensor is replaced by a system of forces and moments acting 
on the edges of the middle surface of the shell, and all 
quantities characterizing the stressed and strained states 
are expressed through the displacements of the middle sur- 
face and their derivatives with respect to the intrinsic 
coordinates of the middle surface. Account is taken of the 
effect of surface loads on the behavior of the normal to the 
middle surface of the shell. It is supposed that the above- 
mentioned generalization of Kirchhoff’s hypothesis may 
prove significant in the study of the stability of shells and 
will account, in part, for the discrepancies between observed 
and theoretical results. The author compares his equations 
with those obtained by W. Fliigge [Ing.-Arch. 3, 463-506 
(1932) ] and by K. v. Sanden and F. Toelke [Ing.-Arch. 3, 
24-66 (1932) ], and is led to the conclusion that these investi- 
gators have neglected some terms of the same order of 
magnitude as those appearing in their final equations. The 
author’s equations specialize to the known particular sys- 
tems of elastostatic equations. I. S. Sokolnikoff. 
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Knol, D. K. On singular points of a two-dimensional field 
of stresses. Leningrad State Univ. Annals [Uchenye 
Zapiski] Math. Ser. 8, 84-100 (1939). (Russian) 
[MF 3341] 

The isoclinic lines in the plane field of stress are the lines 
of constant argument of the quantity 


y=2X,+i(X,—Y,). 


The paper is concerned with a study of the character and 
properties of the neighborhoods of essential singular points 
of isoclinic lines by investigating the points for which 
|g| =0. I. S. Sokolnikoff (Madison, Wis.). 


Westergaard, H.M. Effects of a change of Poisson’s ratio 
analyzed by twinned gradients. J. Appl. Mech. 7, A-113- 
A-116 (1940). [MF 2685] 

The author deduces the following theorem. If ©’ repre- 
sents the “bulk stress” for the solution of the fundamental 
equation of elasticity for a given set of boundary conditions 
of an elastic solid with Poisson’s ratio equal to m, for the 
same set of boundary conditions but a different Poisson’s 
ratio (u) the solution can be secured by adding to the 
original solution a state of displacements 9” which is the 
“twinned gradient” of a scalar ¢: 


96 
2Ge” = —i——j—+k—_, 
dx dy as 


where 9” is the displacement vector, i, j, k the unit vectors 
in the directions of the three axes of coordinates, and G the 
modulus of elasticity in shear, satisfying the equation 
1—p\ax? as* (1+m)(1—n) 
The stress system corresponding to 9” is expressed in terms 


of ¢ and it is shown that to maintain equilibrium a system 
of mass forces 


K" = i—+j—, 
ax ay 


where A is the Laplace operator, is necessary. The author 
shows how this theorem leads immediately to the solu- 
tion of such three-dimensional problems of elasticity as 
Boussinesq’s and Carrut’s problem of the semi-infinite solid 
(the extremely simple solutions for m=} serve as starting 
point). Similarly the deductions leading to the solution of 
a rotating thick disk are shortened by the new analytic 
device. P. Nemenyi (Iowa City, Iowa). 


Reissner, Eric. A contribution to the theory of elasticity 
of non-isotropic materials (with applications to problems 
of bending and torsion). Philos. Mag. (7) 30, 418-427 
(1940). [MF 3693] 

The author investigates the solution of the two-dimen- 
sional problem of equilibrium of an anisotropic solid for 
which the elastic moduli E, and »,, associated with the 
y-axis, vanish. An application is made to (a) bending of a 
Narrow rectangular beam, (b) bending of a wide-flanged 
box beam, (c) torsion of a box beam. The resulting formulas 
are intended to apply to those materials for which the ratio 
of the moduli E,/E, is negligibly small. 

I. S. Sokolnikoff (Madison, Wis.). 
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Einaudi, Renato. Un problema fondamentale della dina- 
mica dei sistemi elastici. Ann. Mat. Pura Appl. (4) 19, 
1-33 (1940). [MF 3042] 

Let C be an elastic body, F its boundary and ¢ the time. 
The author considers the displacement vector S,(P, ¢) of a 
point P of C under the influence of the force vector X;(P, #) 
(¢=1, 2,3), that is, he deals with the following mixed 
problem for S;: 

aS; 


3 aS; 
(A+u)— —+uAS;+ pXi= p—, 
Ox. Ox; ot? 


4 
as. 
(*) SAP, 0)=s4(P), (—) =0P), 
t=0 


jim )=o(M, t), McF; i=1, 2, 3, 


where s;, 9; and o; are given functions and \, », p constants. 
Besides conditions concerning the differentiability of these 
functions and the geometric nature of the boundary F the 
author assumes: 


00; 


(ii) equation (*) still holds for t=0 if on its left side the 
vector S; is replaced by the vector s;, and by o; on its right 
side ; (iii) the equation obtained from (*) by differentiating 
with respect to ¢ still holds for ‘=0 if on its left side the 
vector 0.S;/dt is replaced by the vector ;, and by de;/dt on 
its right side. Under these hypotheses existence and unique- 
ness proofs are given. The methods are similar to those used 
by the author [Il problema misto per l’equazione delle onde, 
Atti Accad. Sci. Torino 74, 470-480 (1939); these Rev. 1, 
316]. E. Rothe (Oskaloosa, Iowa). 


Rosenblatt, Alfred. Sur les ondes de gravité. Actas 
Acad. Ci. Lima 3, 37-42 (1940). [MF 2710] 

Rosenblatt, Alfred. Sur les ondes de gravité. Revista 
Ci., Lima 42, 479-515 (1940). [MF2902] 

The formula of Cauchy-Poisson for the waves of emersion 
produced in an infinitely deep, incompressible liquid [see 
Lamb, Hydrodynamics, fifth ed., p. 361, formula 1] is 
derived without the customary assumptions about the po- 
tential or the shape of the free surface. Expanding the 
potential as a power series in terms of a parameter, the 
author shows that the first term is the Cauchy-Poisson 
approximation and derives integral equations by means of 
which the higher terms may be calculated. 

B. Friedman (Chicago, IIl.). 


Rosenblatt, Alfred. Sur la propagation des ondes de Ray- 
leigh dans les milieux transversalement isotropes (milieux 
de Rudzki). Actas Acad. Ci. Lima 3, 70-74 (1940). 
[MF 3266] 


Rosenblatt, Alfred. Sur la propagation des ondes sismiques 
dans les milieux transversalement isotropes. Note II. 
Actas Acad. Ci. Lima 3, 91-94 (1940). [MF 3268] 


Féppl,O. Graphische Berechnung von Eigenschwingungs- 
zahlen. Ing.-Arch. 11, 178-191 (1940). [MF 2808] 
The vibration frequencies of a rotating crankshaft are 

determined by a graphical method of successive approxi- 

mation. An analogue is utilized between the given shaft 
which is assumed to carry rotating masses at various points 
and a vibrating elastic string which is loaded with masses 
at corresponding points. In this analogy, however, the 
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rotating masses and distances between masses are inter- 
changed, so that they correspond respectively to distances 
between masses and masses. The fundamental vibration 
frequency for the string can be expressed in terms of the 
displacements of the masses on the string. These displace- 
ments can be found by repeated approximation, using the 
condition that in the extreme position the string is in static 
equilibrium under the inertial forces of the masses. The 
method can be extended to second order frequencies. A 
numerical example is worked out for the case of a shaft 
carrying a six cylinder engine, dynamo and water pump. 

The elastic curve and vibration frequencies of a loaded 
beam which is vibrating are considered in the second part 
of the paper. The elastic curve, which differs from that of 
static beam under the same loading, is equivalent to that 
of an elastic string with a continuous loading whose amount 
at any point is proportional to the ordinate of a certain 
bending moment diagram. This bending moment diagram 
is constructed not from the given loads but from those loads 
times the displacements at their points of application; but 
these displacements are unknown. A method of successive 
approximation is therefore used, starting with an assumed 
elastic curve. The frequencies can be computed from the 
elastic curve and the bending moment diagram. A numerical 
example is worked out for a shaft with two different cross 
sections, the diameter changing at the middle of the shaft, 
and two non-symmetrically placed, unequal loads. 

P. W. Ketchum (Urbana, IIl.). 


Colwell, R. C., Stewart, J. K. and Arnett, H. D. Sym- 
metrical sand figures on circular plates. J. Acoust. Soc. 
Amer. 12, 260-265 (1940). [MF 2858] 

Chladni nodal systems, as observed in many experiments, 
are much more varied than those obtained mathematically 
as zero lines of characteristic functions of the corresponding 
eigenvalue problem. By explicit calculation the authors 
show that many of the Chladni phenomena for circular 
plates and membranes are well represented as nodal lines 
of a motion consisting of the superposition by several eigen- 
vibrations. R. Courant (New York, N. Y.). 


Maier, Erich. Biegeschwingungen von spannungslos ver- 
wundenen Staiben, insbesondere von Luftschrauben- 
blattern. Ing.-Arch. 11, 73-98 (1940). [MF 2681] 
Methods for calculation of the natural frequencies of 

flexural vibration of a beam which is “twisted” when in 

the stress-free state are derived. The expression “twisted” 
means that the principal axes of inertia of the cross sections 
of the beam vary in direction from section to section before 
any forces are applied, as is the case with propeller and 
turbine blades. The boundary conditions considered are 
those of the clamped-free beam. Results of H. Reissner 
[Ing.-Arch. 4, 557-569 (1933)] proving that small initial 
curvature of the axis of the beam and coupling with tor- 
sional vibrations can be neglected are taken over. The 
energy and variational equations for the beam considered 
rotating about a line perpendicular to the beam, and the 
integral equations for the non-rotating case are derived. 
The eigenvalues and eigenfunctions for these problems are 
shown to have the properties one is accustomed to expect, 
with one notable exception : since the eigenfunctions are in 
general space curves, none of them need possess nodes. The 
case of a non-rotating beam with a constant cross section 
and “twist” linearly increasing with distance along the axis 
is treated numerically by means of the methods of Ritz 
and Grammel [Ing.-Arch. 10, 35 (1939) ]; upper and lower 


bounds for the two lowest natural frequencies are obtained. . 


The calculations indicate that the method of Grammel is 
far the better of the two. Calculations are also given for a 
special propeller blade (non-rotating case) by the method 
of Grammel and compared with experimental results. It is 
found that the two lowest frequencies as obtained by calcu- 
lation check the experimentally determined ones quite accu- 
rately. One additional interesting result (among others) is 
that the “twist’’ appears not to affect the lowest natural 
frequency to any great extent, that is, this frequency is 
nearly the same as that of a beam of the same cross section 
without twist. The next higher frequency, however, is 
lowered considerably (in the case of the propeller blade 
mentioned above by 15 to 20 percent). J. J. Stoker. 


Poritsky, H. and Robinson, C. S. L. Torsional vibration 
in geared-turbine propulsion equipment. J. Appl. Mech. 
7, A-117—A-124 (1940). [MF 2686] 

The mechanical system consisting of high- and low- 
pressure turbines, gears, shafts and propeller in a ship is 
replaced by an equivalent system of inertias and elastic 
shafts. The vibration of the system due to an oscillatory 
propeller torque is calculated. Viscous damping is neglected 
except in the propeller torque, and solid-friction damping 
is represented approximately by the introduction of complex 
numbers as shaft-stiffness constants. (The usual complex 
representation of oscillating quantities is employed.) The 
forced vibrations are calculated by the ‘“‘direct method” and 
also by resolution into normal coordinates. The damping 
is supposed to be small, so that the critical frequencies are 
very near to the natural frequencies of the undamped 
system. W. R. Sears (Pasadena, Calif.). 


Thorne, C. J. and Atanasoff, J. V. A functional method 
for the solution of thin plate problems applied to a square, 
clamped plate with a central point load. Iowa State Coll. 
J. Sci. 14, 333-343 (1940). [MF 3315] 

The authors indicate how a number of approximation 
methods for solving problems associated with linear differ- 
ential equations, for example, those of Ritz and Trefftz, 
can be subsumed under one general scheme, which they call 
the “functional method.” The method, in one of its possible 
forms, is applied to the numerical solution of the problem 
indicated in the title. The results are in good accord with 
those obtained by other methods. J. J. Stoker. 


Federhofer, K. Knickung der Kreisplatte und Kreisring- 
platte mit veranderlicher Dicke. Ing.-Arch. 11, 224-238 
(1940). [MF 2809] 

The thickness of the plate is taken to be given by the 
equation h=cr". The inclination of the symmetrically 
buckled plate satisfies a differential equation of the second 
order whose solution, except for the values 0 and 4/5 of the 
exponent m, can only be expressed in infinite series. When 
the solution of the differential equation is entered in the 
boundary conditions a complicated equation is obtained for 
the determination of the critical uniform pressure on the 
circumference of the plate. Results are given for the case 
n=4/5. In this particular case the solution of the differential 
equation can also be expressed in terms of Bessel’s functions 
with imaginary arguments. This solution, however, cannot 
be used to advantage for lack of suitable tables. The case 
n=0[E. Meissner, Schweiz. Bauztng. 101, 87 (1933) ] leads 
to Bessel’s function with real arguments. Results for other 
values of m are to be published by H. Egger. 

H. W. March (Madison, Wis.). 
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Federhofer, K. Berechnung der Ausl beim Aus- 
beulen diinmer Kreisplatten. Ing.-Arch. 11, 118-124 
(1940). [MF 2683] 

The paper is concerned with an investigation of the de- 
formations of a plane circular plate buckled by stresses 
distributed uniformly along the edge of the plate. The 
author derives a non-linear differential equation for the 
deflection of the buckled plate, and treats it with the aid of 
Galerkin’s method. A formula for the deviation of the middle 
plane of the plate from its position of stable equilibrium is 
obtained. I. S. Sokolnikoff (Madison, Wis.). 


Neuber, H. Uber das Kerbproblem in der Plattentheorie. 
Z. Angew. Math. Mech. 20, 199-209 (1940). [MF 3112] 
The author presents a theory of the thick plate making 

use, as he has done in previous work [Kerbspannungslehre, 

Berlin, 1937], of a combination of harmonic functions to 

express the stress function. Applications are made to the 

problems of the bending of a notched plate and of a plate 
with an elliptical hole, under the action of couples applied 
at the ends of the plates. The concentrations of stress in the 
neighborhood of the notches and of the hole are determined. 
H. W. March (Madison, Wis.). 


Zanaboni, Osvaldo. Risoluzione, in serie semplice, della 
lastra rettangolare appoggiata, sottoposta all’azione di un 
carico concentrato comunque disposto. Ann. Mat. Pura 
Appl. (4) 19, 107-124 (1940). [MF 3047] 

The problem considered is that of the bending of a simply 
supported rectangular plate subjected to a concentrated 
force applied anywhere in the interior of the plate. The 
solution of this problem was obtained first by Navier in 
the form of a double trigonometric series. Others have given 
solutions in certain symmetrical cases in the form of a single 
series which converges better and is more convenient for 
numerical purposes than the awkward double series. The 
author gives a solution in the form of a single and rapidly 
convergent series without assumptions of symmetry and 
indicates that it coincides with the solution of Navier. 

J. J. Stoker (New York, N. Y.). 


Bukharinov, G. N. Solution of the two-dimensional prob- 
lem of elasticity for a disc weakened by several circular 
holes. Leningrad State Univ. Annals [Uchenye Zapiski ] 
Math. Ser. 8, 56-70 (1939). (Russian) [MF 3340] 
Starting from the well-known representation 


X.+ Y,=4R[0(z)], 
(2) +-¥(2)] 


for the stresses X,, Y, and X, in terms of two analytic 
functions and W of the complex variable z, the author 
considers the problem of the determination of @ and W for 
a domain consisting of points interior to a circle |{—a9| = Ro, 
and exterior to circles |{—a,| =R, (k=1, 2, «++, m), no two 
circles touching, when # and W are subjected to the bound- 
ary condition that 
+O(F) + ¥() J=N—-AT, 

where ¢ is a point of the boundary, N and T are the normal 
and tangential components of the boundary stress, and @ 
is the angle between the outer normal to the contour and 
the x-axis. Using a theorem of Harnack, the problem is 
reduced to a system of functional equations to which is 
applied a method of successive approximation similar to 
that used by Golusin [G. M. Golusin, Rec. Math. [Mat. 
Sbornik] 41, 246-276 (1934) (Russian, with German sum- 
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mary) ]. It is shown that the method yields a solution if the 
relative positions of the circles C, (k=0,1,---,m) satisfy 
certain conditions (in particular, that the circles are not too 
closely packed). D. C. Spencer (Cambridge, Mass.). 


Lourié, A. Investigation of asymmetrical pressure of a 
rigid plane stamp of elliptic cross-section on an elastic 
semispace. C. R. (Doklady) Acad. Sci. URSS (N.S.) 
28, 106-109 (1940). [MF 3598] 

The following problem is solved: A rigid elliptic plate 
supporting an eccentric vertical point load rests on the 
horizontal surface of a semi-infinite elastic medium. It is 
required to find the distribution of the stresses and dis- 
placements in the supporting medium, in particular to find 
the reaction pressure and the deflection under the rigid 
plate. All these values are expressible in terms of an har- 
monic function and its derivatives. By introducing elliptic 
coordinates the boundary conditions can be satisfied by a 
suitable choice of Lamé functions. From the static equiva- 
lence of the applied load and the reaction pressure, the 
slopes and mean deflection of the rigid plate are expressed 
in terms of the elastic moduli and the eccentric position of 
the load. In order that the reaction pressure shall be posi- 
tive, the load must be applied within the middle third of 
the rigid plate. The vertical displacement of the center of 
the elliptic plate is independent of the position of the load. 
All the results reduce to known results when the ellipse 
becomes a circle. D. L. Holl (Ames, Iowa). 


von Karm4n, Th. and Tsien, Hsue-Shen. The buckling 
of spherical shells by external pressure. J. Aecronaut. 

Sci. 7, 43-50 (1939). [MF 3277] 

The purpose of the authors is to explain a discrepancy 
between the theoretical and experimental results for the 
buckling of spherical thin shells under hydrostatic pressure 
and to develop a new theory in better accord with experi- 
ment. The classical linear theory of buckling leads to an 
eigenvalue problem from which the lowest buckling pressure 
is calculated ; this pressure is, however, considerably higher 
than that observed experimentally when the shell collapses. 
The authors develop a fundamentally new mathematical 
approach to the problem, based on the idea that essential 
elements of the problem have been lost in the linear treat- 
ment through neglect of certain non-linear terms. Assuming 
axial symmetry, the expression for the potential energy of 
the shell is derived in such a way as to include terms arising 
from strains in the middle surface and “‘large”’ deflections of 
this surface. The Euler equation obtained by variation of 
the potential energy expression is very cumbersome, and 
no attempt is made to solve it in this form. Instead, the 
authors introduce a simplification (which seemed justified 
by experimental observations) through the assumption that 
it is sufficient to consider only a portion of the shell deter- 
mined by a small solid angle 28. On the basis of this assump- 
tion, non-linear terms beyond a certain order may be 
neglected ; the resulting differential equation is 

dd 6 6p 

a—+— (9? — a?) + 

da a (t/R)* E(t/R)* 
where # is the inclination of the bent meridian line of the 
shell, a the original inclination of this line and ¢ and R are 
the radius and thickness of the shell. The quantity p is the 
applied pressure. Even this “simplified” differential equa- 
tion would be difficult to solve directly. The authors obtain 
an approximate solution by the Ritz method; the results, 
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both for the angle 8 and the critical load, are in quite good 

accord with the experimental results and are very much 

better than those obtained by the classical linear theory. 
J. J. Stoker (New York, N. Y.). 


von K4rm4n, Th., Dunn, Louis G. and Tsien, Hsue-Shen. 

The influence of curvature on the buckling character- 

istics of structures. J. Aeronaut. Sci. 7, 276-289 (1940). 

[MF 3278] 

This paper contains a qualitative discussion of buckling 
phenomena in a variety of cases : columns, flat plates, curved 
bars and spherical and cylindrical shells. The essential, and 
new, point of view is that most of these problems must be 
formulated as non-linear problems in order to bring the 
theoretical results in better agreement with experiment. The 
lines which such theories should take are indicated for the 
case of the spherical shell in the paper reviewed above. 

J. J. Stoker (New York, N. Y.). 


Biezeno, C. B. and Koch, J. J. On the buckling of a 
thin-walled circular tube loaded by pure bending. I. 
Nederl. Akad. Wetensch., Proc. 43, 783-796 (1940). 
[MF 3178] 

The authors investigate the elastic stability of a thin- 
walled, nearly cylindrical shell, acted upon by linearly dis- 
tributed axial normal stresses. The initial shape of the shell 
is such that the deformed shell is circular and cylindrical 
when the stability limit is reached. The simultaneous equa- 
tions determining the critical moment are of the form 


Ly(u, v, w) =p COS L.(u, v, w) =p COS o—, 
dz? dz? 


L;(u, v, w)=0, 


where the L’s are linear partial differential operators 
with constant coefficients, @¢ and z independent variables 
and u, v, w the three displacement components. Taking 
u=sin kzU(¢), v=sin kzV(¢), w=cos kzW(¢), the partial 
equations are reduced to total equations for U, V and W. 
The necessarily periodic U, V, W are assumed in the form 
of Fourier series and the differential equations furnish a 
system of infinitely many homogeneous linear equations for 
the series coefficients. The characteristic values » are found 
by equating the (symmetrical) determinant of the system 
equal to zero. E. Reissner (Cambridge, Mass.). 


Biezeno, C. B. and Koch, J. J. On the buckling of a 
thin-walled circular tube loaded by pure bending. II. 
Nederl. Akad. Wetensch., Proc. 43, 923-935 (1940). 
[MF 3722] 

A process of iteration is described which leads, with the 
help of the results of the paper reviewed above, to the value 
of the critical bending moment. E. Reissner. 


Riz, P. On deformations of bars with slightly curved axis. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 110-113 
(1939). [MF 2916] 

The author considers the deformation of a bar, the equa- 
tion of whose lateral surface has the form 


y+ (B2*/2)) =0, 


where the parameter 8, associated with the curvature of the 
axis of the bar, is regarded as small. A change of variables 


1=y+(62"/2), 


reduces the equation of the lateral surface to the form 
1) =0, and permits writing the equation of elasticity 


with £, 7 and ¢ as the independent variables. The problem 
of flexure of a bar by couples acting at the ends of the bar 
is treated by a semi-inverse method with the precision 
up to 6. I. S. Sokolnikoff (Madison, Wis.). 


Riz, P. Deformations of bars with slightly curved axes, 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 24, 229-232 
(1939). [MF 2909] 

A continuation of the paper reviewed above containing 

a treatment by a semi-inverse method of the torsion and 

the extension of a bar with slightly curved axis. 

I. S. Sokolnikoff (Madison, Wis.). 


Lourie, A. and Janelidze,G. On the Saint-Venant’s prob- 
lem for naturally twisted bars. C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 24, 227-228 (1939). [MF 2908] 

The authors report the results obtained for the stresses 
incurred in a naturally twisted bar by an applied flexural 
couple M. The angle of twist is very small so that higher 
powers may be neglected in the expansions employed. It is 
shown that the stresses may be composed of a system which 
is derived from a harmonic function which satisfies a rela- 
tively simple boundary condition and a second system which 
is formally equivalent to the combined effects of two known 
results, (1) the flexure due to an end force M and (2) the 
torsion due to a twisting couple which is readily related to 
the couple M. D. L. Holl (Ames, Iowa). 


Lourie, A. and Janelidze, G. On Saint-Venant’s problem 
for naturally twisted bars. IV. C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 27, 436-439 (1940). [MF 3221] 

In three earlier notes the authors have given the general 
equations for the problem of a naturally twisted bar and 
their approximate solutions for two cases of loading: 
(1) flexure by a couple; (2) extension by an axial end load. 
In each case the nul approximation is the elementary solu- 
tion obtained by simpler hypotheses. The next approxima- 
tion shows that (1) is equivalent to the combined effect of 
a pure flexure couple together with a torsion moment 
applied at the end section. In (2) the same approximation 
shows an untwisting of the bar by the axial force. In this 
note the authors treat the flexure of a twisted bar by a 
force directed along a principal axis of inertia of the end 
section. The nul approximation yields the Saint Venant 
solution in which the shear stresses are given in terms of a 
harmonic function ¢ whose normal derivative is prescribed 
on the boundary. In the next approximation an intermediate 
system of stresses is explicitly determined in terms of a 
function conjugate to ¢. It is further shown how this latter 
system may be employed to complete the problem, although 
no explicit results are presented. D. L. Holl. 


Oldenburger, Rufus. Convergence of Hardy Cross’s bal- 
ancing process. J. Appl. Mech. 7, A-166—A-170 (1940). 
[MF 3259] 

The paper gives the necessary and sufficient conditions, 
for the case of a continuous beam, for the convergence of 
the Cross method and exhibits a convergent process of 
balancing a beam having any given number of supports. 
It is shown that a balancing process can be described by a 
real linear transformation, that is, by a matrix of real num 
bers and that the process converges if and only if the infinite 
power of this matrix exists and is zero. Reference is not 
made to a paper by L. Brand [Bull. Amer. Math. Soc. 41, 
901 (1935) ] in which the convergence of the Cross process 
was investigated by another method. H. W. March. 
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